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WEIL-PETERSSON METRIC ON THE UNIVERSAL 
TEICHMULLER SPACE II. KAHLER POTENTIAL AND 

PERIOD MAPPING 

LEON A. TAKHTAJAN AND LEE-PENG TEO 



Abstract. We study the Hilbert manifold structure on ro(l) — the 
connected component of the identity of the Hilbert manifold T{1). We 
characterize points on ro(l) in terms of Bers and pre-Bers embeddings, 
and prove that the Grunsky operators Bi and B4, associated with the 
points in ro(l) via conformal welding, are Hilbert-Schmidt. We define 
a "universal Liouville action" — a real- valued function Si on ro(l), and 
prove that it is a Kahler potential of the Weil-Petersson metric on To(l)- 
We also prove that Si is —j^ times the logarithm of the Fredholm 
determinant of associated quasi-circle, which generalizes classical results 
of Schiffer and Hawley. We define the universal period mapping ^ : 
r(l) ^ .!M{£^) of T(l) into the Banach space of bounded operators 
on the Hilbert space £^, prove that .^ is a holomorphic mapping of 
Banach manifolds, and show that ^ coincides with the period mapping 
introduced by Kurillov and Yuriev and Nag and Sullivan. We prove 
that the restriction of 3^ to ro(l) is an inclusion of To(l) into the Segal- 
Wilson universal Grassmannian, which is a holomorphic mapping of 
Hilbert manifolds. We also prove that the image of the topological 
group S of symmetric homeomorphisms of S^ under the mapping ^ 
consists of compact operators on £^ . 
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1. Introduction 

This is the second part of our paper |TTn3bj . which will be referred to 
as Part I. Here we continue our investigation of the Weil-Petersson met- 
ric on the universal Teichmiiller space T(l). Namely, we study in detail 
the Hilbert manifold structure of T(l) and establish relations between the 
Hilbert submanifold Tq{1) — the connected component of the identity in 
r(l), and classical Grunsky operators Bi, I = 1,2,3,4, associated with the 
conformal welding. In Part I, we have described the image of ro(l) un- 
der the Bers embedding /? : r(l) — > A^oiJ^). Here we characterize Tq{1) 
in terms of the pre-Bers embedding (3 : r(l) -^ A^(D) and prove that 
the Grunsky operators Bi and B4 associated with the points in Tq{1) are 
Hilbert-Schmidt. We establish the relation between eigenvalues of Grunsky 
operators and classical Fredholm eigenvalues, generalizing Schiffer's result 
for C^ curves |Sch81j . We prove that the logarithm of the Predholm deter- 
minant of the operator / — BiB\ associated with points in Tq{\) (or, which 
is the same, of the Fredholm determinant of / — B4BI) is, up to a constant, 
a Kahler potential for the Weil-Petersson metric on Tq{1). We prove the 
explicit formula for this Fredholm determinant, expressing it as the "uni- 
versal Liouville action". Using Grunsky operators, we define the universal 
period mapping ^ of To(l) into the Hilbert space ^2 of Hilbert-Scmidt 
operators on the Hilbert space £^, as well as the mapping ^ of r(l) into 
the Banach space ^{i'^) of bounded operators on £^. We prove that ^ 
and ^ are holomorphic mappings of Hilbert and Banach manifolds respec- 
tively. We show that the mapping ^ coincides with the period mapping, 
first introduced by Kirillov and Yuriev |KY88j for the homogenous space 
Mob(5i)\Diff+(S'i), studied in detail by Nag |Nag92| , and then extended 
to T(l) by Nag and Sullivan |NS95) . Finally, we prove that the image of the 
topological group S of symmetric homeomorphisms of S^ under the period 
mapping ^ is J^oo H ,^(T(1)), where ^00 is the ideal of the Banach algebra 
i^(£^) consisting of compact operators on i'^. 

Below is the detailed description of the paper. In what follows we are 
using notations and results from Part I; in particular, the normalization of 
the conformal welding for r(l), described in Section 2.2.1, Part I. Namely, 
for every [/i] S T'(l) we consider the q.c. mapping w^ that fixes —1, —i, 1 as 



It is explained in |Nag92| and |NS95| it what sense the mapping ,^ generahzes the 
cleissical period mapping of compact Riemann surfaces. 
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an element of 6'^\HomeOqs(S'^), which admits a confer mal welding 

where P and g^ are q.c. mappings whose restrictions on D and B*, re- 
spectively, are holomorphic functions satisfying f'^(O) = 0, (f'^)'(O) = 1 and 
g^(oo) = oo. 

In Section 2 we characterize the univalent functions associated with the 
Hilbert manifold To(l) in terms of the Hilbert spaces ^2^'^) ^^^ ^K^*) °f 
holomorphic functions on D and D* respectively, square integrable with re- 
spect to the Lebesgue measure. Using the embedding ^2(^) ^^ ^ooi^) i'^to 
the Banach space of holomorphic functions on D, the Becker-Pommerenke 
theorem |BP78j . and the characterization of the topological group S of sym- 
metric homeomorphisms of S^ given by Gardiner and Sullivan |(tS92j . we 
prove that Tq{1) is a subgroup of S. The main result of this section is Theo- 
rem 2.12, which states that [fi] G 7b (1) if and only if one of the following con- 
ditions holds: (i) 5(f^) G ^2(10)); (ii) ^(f^) e ^^(ID)); (iii) 5(g^) G ^2(B*); 
(iv) .4(g^) G j42(B*). Here 5(/) is the Schwarzian derivative of the univalent 
function /, and 

This theorem allows us to introduce the "universal Liouville action" — the 
function Si : To(l) — > M, defined by 

(1.1) Si(M) = jj \A{n\^ dPz + 11 \A{g,t d'z - 47rlog |g;,(oo)|. 

In Section 3 to every [/i] G T(l) we assign the Grunksy operators Bi,B2, B^ 
and i?4, associated with the corresponding pair (f^,g^) of univalent func- 
tions. The Lebesgue measure of the quasi-circle C\{f {n)U g{W)} is zero, so 
that the generalized Grunsky inequality Hum?2, PomTB' can be succinctly 

/i? B \ 
formulated as the unitarity of the operator B = I „ „ ) on £^ © ^^. 

V-D3 B4J 

The main result of Section 3.1 is Theorem 3.6, which states (see Corollary 
3.9) that [fj] G ^0(1) if and only if the corresponding Grunsky operators 
Bi{i^^), Bi{g^) G ^2 — the Hilbert space of Hilbert-Schmidt operators on 
i'^. In Theorem 3.10 we prove that the mapping ^ : Tq{1) — > J^2i defined by 
^iifA) ~ ^i(f^)) is a holomorphic mapping of Hilbert manifolds. Extended 
to the universal Teichmiiller space T(l), this defines a holomorphic mapping 
0^ : T(l) — > ^(£^) of Banach manifolds, which we prove in Appendix B. In 
Section 3.2 we show that for [/x] G ro(l) the eigenvalues of the correspond- 
ing trace class operators -Bi-BJ and B4BI are related to the eigenvalues of 
the classical Poincare-Fredholm integral operator associated with the quasi- 
circle C = f'^(5^) = g^(5^). Since for [/j] G To(l) these quasi-circles contain 
all C^ curves, this generalizes Schiffer's result |Sch81j . Extending |Sch59j . 
we introduce the Fredholm determinant Deti?(C) of the quasi-circle C as 
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the Fredholm determinant det(/ — BiB\) = det(I — B4BI), and define the 
function S2 : To(l) ^ M by 

(1.2) S2(M)=logDet^(f'^(5i)), MGr(l). 

In Section 3.3 we define the semi-infinite period matrices of 1-forms for 
natural bases of ^2(^) ^^"^ ^2(®*)5 which generaUze imaginary parts of the 
classical period matrices for compact Riemann surfaces, and show that they 
correspond to the operators B2B2 and B^B^. 

In Section 4 we compute the "first variations" of the functions Si and 
S2 — the (l,0)-forms 9Si and 9S2, where d is the (1, 0)-component of the 
de Rham differential on the Hilbert manifold 7b(l). Namely, we show in 
Theorems 4.5 and 4.1 (see Corollaries 4.9 and 4.2) that 

(1.3) 9Si = 21? and 5S2 = ■»?, 

DVT 

where the (1, 0)-form i? on Tq{1), under the natural isomorphism Tr* iTo(l) ~ 
A2{B*), is given by 

(1-4) %]=5(g^). 

The proof of Theorem 4.1 is rather standard, whereas the proof of Theorem 
4.5 relies heavily on the identity given in Lemma 4.6. The latter can be 
interpreted as an extension of the generalized Grunsky equality to pairs of 
univalent functions (f^,g^) for [/i] G Tq{1), which we consider quite interest- 
ing. Since the functions Si and S2 on Tq{1) both vanish at G Tq{1), from 
(1.3) we immediately obtain that 

^2 = "12^^^' 
thus expressing the Fredholm determinant as the universal Liouville action. 
In Corollary 4.12 and Remark 4.13 we interpret this relation as a surgery 
type formula for the determinants of elliptic operators on domains on the 
Riemann sphere P^. 

In Section 5 we show that the relation (1.3) implies that the function Si 
is a Kahler potential of the Weil-Petersson metric on Tq(1). The proof goes 
along the same lines as in the case of finite-dimensional Teichmiiller spaces 
|TT03aj . This explains why the function Si is called the universal Liouville 
action. In Section 6 we study the period mapping ^ : T{1) —>■ .^{i'^). 
We prove that it coincides with the Kirillov-Yuriev-Nag-Sullivan mapping 
of T(l) into the infinite-dimensional analog of Siegel disk Soo- We also show 
that the period mapping ^ : ro(l) — > ,5^2 gives an embedding of Tq{1) into 
the Segal- Wilson universal Grassmannian. 

In Appendix A we study the Hilbert manifold structure on the topolog- 
ical group Tq{1) — the pre- image of the Hilbert manifold ro(l) under the 
canonical projection vr : T(l) — > T(l). We prove in Theorem A. 3 that 
the Bers embedding j3 : Tq{1) — > ^2(0) © C and the pre-Bers embedding 
/3 : 70(1) -^ ^lO^) induce the same Hilbert manifold structure on ^^(l)- 
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This result is parallel to the one proved in the Appendix of |Teo02) . We also 
prove Corollaries A. 4 and A. 6, characterizing convergence in the Hilbert 
manifold topology of Tq{1), which were used in the proof of Lemma 4.6. 
Finally, in Appendix B we show that ^ : T(l) — > I^{i'^) is a holomorphic 
mapping of Banach manifolds and prove that the image of the topological 
group S under the map ^ is the subset ^oo n ^(T(l)) of ^{l'^). The 
properties of the tower of embedded manifolds To(l) ^^ S '-^ T{1) are 
summarized in a commutative diagram at the end of Appendix B. 

Acknowledgments. We appreciate useful discussions with M. Luybich. 
The second author would like to thank P.Y. Wu for helpful discussions about 
operator theory. The work of the first author was partially supported by 
the NSF grant DMS-0204628. The work of the second author was partially 
supported by the grant NSC 92-2115-M-009-017. The second author also 
thanks CTS for the fellowship to visit Stony Brook University in the Summer 
of 2003, where a part of this work was done. 



2. HiLBERT SPACES OF UNIVALENT FUNCTIONS 

It is well-known (see, e.g.. Section 2.2 in Part I) that the universal Te- 
ichmiiller space r(l) is isomorphic to the space T) of univalent functions on 
D. Here we characterize the univalent functions associated with the Hilbert 
manifold ro(l). 

In addition to the Hilbert spaces A2(B) and ^42(0*), introduced in Section 
3, Part I, we define the following Hilbert spaces of holomorphic functions. 



Ai 



ijj holomorphic on D : HV'lb ~ \'^i^)\ d z < oo 

o 

^i(B*) = < ^ holomorphic on D* : ||V^||| = II \i\){z)'^Sz < oo 

D* 

We denote by ^2!^) ^^^ ^K^*) ^^^ corresponding Hilbert spaces of anti- 
holomorphic functions. 

Remark 2.1. Every ip G ^2^'^) corresponds to a holomorphic 1-form uj = 
ij){z)dz on B (or on r\B for a cofinite Puchsian group P) such that the 
(1, l)-form w A (D is integrable. Similarly, every <j) G ^2(15) corresponds to a 
holomorphic quadratic differential q = (f){z){dz)'^ on B (or on P\B) such that 
the (1, l)-form {\(j){z)\'^ / p{z))dz A dz is integrable, so that the latter space 
could be also denoted by ^2(II^)- We will use the same notation || II2 for 
the norms in these Hilbert spaces. To avoid confusion, in the main text we 
always denote elements in the spaces A2 by (j), and elements in the spaces 
Al by V- 
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In addition to the Banach spaces Aoo(ID') and Aoo{0*) introduced in Sec- 
tion 2.1, Part I, we define the following Banach spaces of holoniorphic func- 
tions, 

A^(D) = <i^ holoniorphic on D : HV'lloo = sup|(l — |2:p)V'(2;)| < cxd > , 

Al^(B*) = \ ^jj holoniorphic on D* : ||'0||oo = sup |(1 - |zp)V'(z)| < oo i . 

For a holoniorphic function / : fi ^ C such that /' 7^ on fi we set 

f" 

Remark 2.2. Classical distortion theorem (see e.g., |Poni75[ IDur83j l im- 
plies that if / : B ^ C and 5 : B* — > C are univalent functions, then 
A{f) £ A^(B) and A{g) G ^^(B*). In |Teon2j . it was shown that the Bers 
embedding of the universal Teichmiiller curve T(l) into Aoo(0) © C can be 
factorized as the composition of two holoniorphic embeddings 

T(l)^A^(B)^Aoo(B)©C. 

Here the map T(l) -^ j4^(D) is given by 7 = g~^ ° / ^^ •^if) ^^d the map 
A;^(B) -^ Aoo(B) © C is defined as 

Similar to Lemma 3.1 in Part I, we have 

Lemma 2.3. The vector spaces A^^iji) and ^2(1!^*) '^'^c subspaces of A^{Bi) 
and ^^(B*) respectively. The natural inclusion maps ^2(^) "^^ ^00 (^) '^'^d 
j42(B*) ^^ A\^{J])*) are hounded linear mappings of Banach spaces. 

Proof. It is sufficient to consider only the spaces of holoniorphic functions 
on B. For every V' £ ^2(^) ^^^ il^iz) = S^i ^^n-z""^ be the power series 
expansion. Then 

^ ^ 00 

11^^111= mz)\^d^z = 7r Y,n\an\^ 

V "=i 

and by Cauchy-Schwarz inequality, we have 

00 / 00 

mz)\ <Y.n\an\\zr' < ( ^n|a„|2 ) ( ^ 

n=l 

for every z S B. Using 

E 



1/2 / 00 \ 1/2 

2n-2 \ 



n\z\ 

n=l \n=l / \n=l 



n|d2"-2 



(1-|Z|2)2' 
n=l ^ 11/ 



D 
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we get 

||V;||oo=SUp|(l-|z|2)^(z)|<^||V^||2. 

Similar to Remark 3.2 in Part I, we get 
Corollary 2.4. For every ip G vlgCB), 

lim (1- \z\^)ij{z) =0. 

Similar statement holds for every ip £ A2{W). 
For a holomorphic function / : fi ^ C set 

^(/) = /. - y^. 

If /' 7^ on 0, then S{f) = (\I' o A){f), where S{f) is the Schwarzian 
derivative of /. In |Teon2j it was proved that * (^^(0)) C Aoo(B) and 
^ {Al^{W)) C AooO^*)- Similarly, we have the following result. 

Lemma 2.5. ^ {AI(B)) C A2{'B) and ^ {AI{W)) C ^2(0*). 

Proof. Again it is sufficient to consider functions on D. For tp = X^n^i nUnZ^^^ G 
A^(D) we have 

\^m^piz)-'d^z < 2 II \M^)\^pi^r'd^^ +^ll mz^pizr^d^z. 

For the first term, a straightforward computation gives 

n{n — 1) 



ra=2 

For the second term, since ip £ ^^(D), we have 

'p{zr'mztd'z<imlMl<^. 

D 

The following theorem of Becker and Pommerenke |BP78j characterizes 
univalent functions on B that admit a q.c. extension to a larger domain such 
that the complex dilation is continuous on S^. 

Theorem 2.6. Let f : D ^ C be a univalent function such that /(B) is a 
Jordan domain. Then the following conditions are equivalent. 

(i) / has a q.c. extension F to {z : \z\ < R,R > 1} such that the 
complex dilation p,{z) = Fz/Fz satisfies 

lim n(z) = 0. 
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(ii) 



(iii) 



lim {l-\z\'fS{f){z) = 0. 

\z\^l- 



lim {1 - \z\^)A{f){z) = 0. 



In |(tS92j . Gardiner and Sullivan have studied the subgroup 
S = M6h{S^)\RomeOs{S^) 

of symmetric homeomorphisms in QS = Mob(S'^)\HomeOgs(S'^) ~ ^(1). 
They proved that as a Banach submanifold of T(l), S* is a topological group, 
and that univalent functions / associated to elements in S are precisely the 
functions satisfying condition (ii) of Theorem 12.61 



Remark 2.7. Actually in |(tS92j this condition is stated as follows: for every 
e > there is a compact subset K oi H such that |(1 — |zp)^5(/)(z)| < e 
for z G B \ if , which is clearly equivalent to (ii). 

Using this remark and Remark 3.2 in Part I, we get the following state- 
ment. 

Corollary 2.8. The group Tq{1) is a subgroup of S. 

Remark 2.9. It is known JGS92J that the topological group S contains the 
subgroup of C^-homeomorphisms of S^. Similarly, the topological group 
ro(l) contains the subgroup of C^-homeomorphisms. Indeed, it is known 
(see, e.g., Ham02 ) that if 7 G QS is C"^ then corresponding f and g are 
of C^ class on the boundary and all their derivatives are Holder continuous 
with Q < 1. Prom here it follows that S{f) G A2{'B). 

Remark 2.10. Por [//] G 7o(l) it is an interesting open problem to charac- 
terize intrinsically the corresponding map w^\g-i and the quasi-circle f(5^), 
as it was done for by Gardiner and Sullivan in |(tS92j for [//] G S. 

Another important consequence of Becker-Pommerenke Theorem is the 
following result. 

Lemma 2.11. Let f and g be univalent functions on D and B* such that 
S{f) G A2iO) andS{g) G A2{W). Then A{f) G .4^(B) and A{g) G Al{W). 

Proof. It is sufficient to consider functions on B. If S{f) G 742(B), then by 
Remark 3.2 in Part I / satisfies the condition (ii) in Theorem 12 . 61 and hence 
it satisfies the condition (iii). In particular, there exists r' > such that 

(1 - \z\'^)\A{f){z)\ < 1/2 for all r' < \z\ < 1. 

By triangle and geometric mean inequalities, 

\S{f){zt >{\A{fnz)\ - '^\A{f){z)\'f 

=l^(/)'(-)P + WADizt - \A{fy{z)\\A{f){z)\' 
>l{\A{fnz)\'-\A{f){zt), 
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SO that for r' < |z| < 1, 

(2.1) 2(1 - |z|2)2|5(/)(z)|2 > (1 - |z|2)V(/)'(^)l' - l\Amz)\'. 

Let A{f){z) = Yl'^=i nanz"'"^ be the power series expansion of A{f) and let 
Or- be the disk of radius r. We have, 

(1 - IzmAifYiz^d^z =nY,n\n - 1)>„|V« ( ^ " - + ^ ) 

^-^ \n — 1 n n + \J 

and 



i,-^ n=l 



Pr^". 



Using the elementary inequality 

n - 1^ + > — 

^ ^ \n-l n n + lj - 2n 

for all n > 2 and < r < 1, we get 

(2.2) //(I - \z\^f\Aifnz)\^d'z > 1 // \Aif)iz)\^d''z - f laipr^. 



Integrating the inequality (|2.1j) over D^ \ Or' > and using (|2.2p , we get for 
r > r', 



2 // {i-\z\r\sif){z)\'d'z> jj {{i-\zmAifnz)\'-i\A{f){zr)d'z 
(1 - \zmA{fnz)\'dh - 1 II lAifXz^d'z 

Or 

(1 - \zmA{fnz)\'d'z + \ II \A{f){z)\''d^z 

> i // \A{f){zfd'z + \ll\A{f){zfd'z 
(l-|z|Yl^(/)'(^)Prf'^-i|ai|V. 



Since 5(/) G ^2(15), from this inequality we conclude that there exists C > 
such that 

''''\A{f){z)\'dh<C 



for all < r < 1, i.e., A{f) £ Al{D). D 

The following statement is the main result of this section. 
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Theorem 2.12. Let w^ = g^^ o f^ be the conformal welding corresponding 
to [/i] G T{1). Then [fi] E Tb(l) if and only if one of the following conditions 
holds. 

(i) 5(P)G^2(ID)). 

(ii) ^(P) G Al{B). 
(iii) S{g^)eA2{B*). 
(iv) ^(g^) G AliB*). 

Proof Since under the Bers embedding f3{To{l)) = /5(T(1)) n A2{B), it 
fohows that iiWfj, = g~"'^oP is the conformal welding associated to [/x] G T'(l), 
then 5(P) G A2(0) if and only if [fj] G ?o(l). Let j be the antiholomorphic 
inversion z i-^ 1/z. Since q.c. mapping w^ on C satisfies j ow^o j = w^, we 
have 

u;-i = j o w~^ oj = {j o (f^)-i o j) o (j o g^ o j). 

Thus 

(2.3) f" = r o j o g^, o j and g„-i = r o j o f '' o j, 



where r is the dilation z >—>■ g'^{oo) z. Since \\i ^] G ro(l) if and only [/i] G 

ro(l), we have S{i^) G y42(B) if and only if 5(f^"') G y42(ro), and hence if 
and only if 

5(g^)=5(f/^-^)oJi|G^2(ID)*). 

The statement of the theorem now follows from Lemmas 12.51 and 12.111 D 

Let 70(1) be the Teichmiiller curve of To(l), i.e., the inverse image of 
ro(l) under the fibration T(l) — > T(l) of Hilbert manifolds. It was proved 
in Appendix A of Part I that 70(1) is a topological group. Using proofs 
of Lemma 12.51 and Theorem 12.111 we can easily modify the proof in the 
Appendix of Teo02i| to show that ^2(0) and ^2(1^) © C induce the same 
Hilbert manifold structure on 70(1). We leave the details to Appendix A. 

Results of this section justify the following 

Definition 2.13. The "universal Liouville action" Si : To(l) ^ M is defined 
by 

Si(M) = II \A(i^)\^ d'z + 11 \A{g,)\'d'z - 4vrlog |g;(oo)|, 
n n* 

where i/;^ = g~^ o f^ is the conformal welding corresponding to [fi] G Tq{1). 

We will prove in Section 5 that the universal Liouville action is a Kahler 
potential of the Weil-Petersson metric on Tq{1). 

Remark 2.14. When g' is continuous on S^, the last term in the definition 
of Si can be written as 



2/ log\g'^{e^')\de. 
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When the quasicircle g^(S'^) = P(S'^) is of C^ class, functionals of this type 
were studied by Schiffer and Hawley in |SH62j . Here we extend the definition 
to quasicirles for the Hilbert manifold Tq{1). 

3. GrUNSKY OPERATORS FOR Tq{1) 

3.1. Grunsky coefficients and operators. Here we prove that Grunsky 
operators associated to a point in ro(l) are Hilbert-Schmidt. Suppose that 
/ : B ^^ C and 5 : B* — > C are univalent functions on B and B* such that 
/(O) = 0, /'(O) = 1, g{oo) = 00, and f{^)r^g{W) = 0. Such univalent func- 
tions are said to form a normalized disjoint pair. The generalized Grunsky 
coefficients hn,m,-, n, m E Z of a normalized disjoint pair (/, 5) are defined as 
follows (see e.g., |Pom75j ) 

.9{z)-g{0 



log- 



log 



log 



9{z) 



■c 

/(C) 



500 



00 00 
m=l n=l 



bz 

/(^)-/(C) 



00 00 



'C, 



C 



m=l n=0 

00 00 

m,=On=0 

g'{oo). Grunsky coefficients b„ 



are 



By definition, 600 = log 6, where b 
symmetric in n, m when n,m > 1 or n, m < 0, so for n > 0, m > 1, we define 
b-n,m = bm-n- It IS also clear that coefficients bn,m, \'n\ > 1 and \m\ > 1 do 
not changed when / and g are simultaneosly post-composed with a dilation 
z I— s- rz. 

Grunsky coefficients satisfy the generalized Grunsky inequality, due to 
Hummel |Hum72j (see also |Pom75j ). 

Theorem 3.1. Let {f,g) be a normalized disjoint pair of univalent func- 
tions. Then for every \-m, ■ ■ ■ , Am £ C, 



00 
E 

k=—oo 



\k\ 



m 

E 

1= 



hiM 



-m 



< 






+ 2 Re 



An 



E ^0'^' 



where the prime over the sum indicates that the term k = is omitted. The 
equality for all X-m, ■ ■ ■ , Am holds if and only if the set F = C\{/(B)U5f(B*)} 
has Lebesgue measure zero. 

Remark 3.2. For 7 G '?"(!) let 7 = g^^ o / be the corresponding conformal 
welding. Since (/, g) is a normalized disjoint pair of univalent functions and 
the quasicircle C = f{S^) = g{S^) has Lebesgue measure zero, corresponding 
Grunsky coefficients bmn satisfy the generalized Grunsky equality. Setting 
Ao = 1 and A^ = 0, /c / 0, we get 
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00 



00 

E 

fc=— 00 
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log 



9iz) 



500 



fc=i 



kOZ 



and 



log 



and Re 5oo = log |(7'(oo)|, we have 

f'iz) 1 



27rlog|(7'(cx))|= /7 



fiz) 



(fz + 



f{z) 



9'iz) 



k=l 



kfiZ 



9{z) 



(fz. 



According to Theorem 5.3 in Part I, this gives an integral formula for the 
Kahler potential of the Velling-Kirillov metric on T(l). 

Now let (/, g) be a normalized disjoint pair of univalent functions such 
that the corresponding set F has Lebesgue measure zero. Putting in the 
generalized Grunsky equality Aq = and rescaling A^ ^^ Vrl'^^ 'we obtain 
the following equality 

2 

E 

fc=— oo 

By polarization, we get 



^ ^/\k^\hkl\l = ^ |A 



l=—m 



^,^^ I I L III, III, 

^^■^^ E E E VW\hi\/W\bki'Xifii' = ^ XkVk, 



-oo l=~m I' 



where \k-,f]k are arbitrary complex numbers. Grunsky coefficients bmn give 
rise to semi-infinite matrices Bi, I = 1,2,3,4, defined by 



(,-t>l jmn 
{B'i)mn 



^nm b-m-n, {B2)mn = Vrun b. 
^nm bm-n, (-B4)mn = Vrun 6„ 



Tn,nj 



From generalized Grunsky equality it immediately follows that matrices Bi 
define bounded linear operators on the separable Hilbert space 



i^n|n=l • / _, \^n\ < 



OO 



n=l 



which we continue to denote by Bi, I = 1,2,3,4. Here a linear operator 
A on l'^ associated with the matrix {amn}mn=i i^ given by y = Ax, where 

Eoo 

In terms of the operators Bi , generalized Grunsky equality ()3.1|) is equiv- 
alent to 



(3.2) 



BiBl + 52^2* = I, 

BiBl + B2BI = 0, 



B^Bl + BiBl = 0, 
-B3-B3 + -64^4 = I, 



where I is the identity operator on £^ and B^ stands for the adjoint operator 
to Bi. These identities immediately imply that ||i?/|| < 1, / = 1,2,3,4. 
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Remark 3.3. The operator i?4 is the Grunsky operator associated to the uni- 
valent function g. The classical Grunsky inequahty (see e.g. |Poni75j ) can be 
succintly stated as I—B4^B\ > 0, and I—B^B^ is a positive-definite operator 
if and only if the complement of g{0*) has positive Lebesgue measure. Simi- 
larly, Bi is the Grunsky operator associated to the univalent function / and 
the classical Grunsky inequality is equivalent to I — BiB^ > 0. For the pair 
(f^, g^) associated to a point [fj] £ T(l), the operators I—BiB^ and I—B^Bl 
are positive-definite, so that ||-Bi||, II-B4II < 1 and Keri?2 = KeriJg = {0}. 
Moreover, it follows from symmetry property of Grunsky coefficients that 
also Keri?2 = Keri?3 = {0}, so that the operators i?2,-B3 : ^^ — > ^^ are 
topological isomorphisms. 

The operators Bi define a bounded linear operator B on the Hilbert space 

i^ © i^ by 



B 

Since 

B* 



Bi B2 
B3 -B4 



BI BI 






the generalized Grunsky equality can be succinctly rewritten as 

BB* = I, 

where I = (q /) is the identity operator on ^^ © ^^. Let J be the complex- 
conjugation operator on £^ defined by 

yo.o) [JX)n = Xfii X = \Xnfn=l ^ *- • 

Setting J = ( J ) , we can express symmetry property of Grunsky coeffi- 
cients as 

B* = JBJ. 

Thus 

B*B = JBJB = JBB*J = I, 

so that B is a unitary operator on i'^ (B i'^. 

The operators Bi can be also realized as linear operators from the Hilbert 
spaces of antiholomorphic functions to the Hilbert spaces of holomorphic 
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functions. Namely, the kernels 

^^ , , 1 f 1 nz)nw) \ 1 ^ , n~l m-l 



nyiz-w)^ {f{z)-f{w)) 



n,m=l 



1 f'{z)g'{w) 1 ^ 






71" (^(z) - /(?i;))2 TT^^^' 



^3(^,^) = - J.^_,.3,^^2 =- E ^"^V-™^ ■' '^^ 



i^4(.,-) = i f— ^ - r#^#^ ) = - V nn.5„,„.— .-- 



\ 1 

n,m=l 



TT \{z-wY {g{z) - g{w)y 
define the linear operators Ki as follows, 

{Kiij){z)= f f Ki{z,w)J{w)dFw, 



1 


: Ai(D) - 


^Aim, 


2 


: Aim) - 


^ Aim, 


3 


: Aim - 


^Aim), 


4 


: Ai(D*) - 


^ Aim), 



{K2ij){z)= // K2{z,w)^{w)d'w, 



{Ks^){z)= // K3(^,t«)V'MdV 



{K4'^){z) = Ki{z,w)i){w)d'w. 
Remark 3.4. It is well-known that if (/> is a holomorphic function on D, then 



rd If = 0, 



{z — w)"^ 



where the integral is understood in the principal value sense. Hence we can 
also represent operators Ki and i^4 by the singular kernels 

1 nz)nw) ^^^ 1 g'{z)g'{w) 



7r{f{z)-f{w))^ ^"^ 7r{g{z)-g{w))^- 

The Hilbert spaces ^2(0) and A2(®*) have standard orthonormal bases 
{en}'^=i and {fn}n=i, given respectively by 

^ n-l „„j r / N _ /"^ „-n-l 



e„(z) = W-z"-' and f^{z) = J-z-''~', n G N. 

These bases define isomorphisms ^2(^) — ^^ ^^^ yl2(II^*) — ^^- 'Tiie op- 
erators Ki and their adjoints K^ — integral operators with the kernels 
K^{z,w) = Ki{w,z), correspond respectively to the operators Bi and Bf, 



POTENTIAL OF THE WEIL-PETERSSON METRIC ON r(l) 



15 



/ = 1,2,3,4. Similarly, positive self-adjoint operators K^ = KiK^ are inte- 
gral operators which correspond to the operators BiB^ , and we denote the 
kernels of the operators K; by Ki{z,w). Due to the relations (|3.2j) . 



(3.4) 



K, 



/-Ki, K3 = /-K4. 



Lemma 3.5. The kernel Ki{z,w) of the operator Ki : A^i 
satisfies 



Aim 



(3.5) 



////'-< 



z,w)\ d zd w < oo 



if and only if the operator Ki is Hilbert- Schmidt, i.e., if and only if the 
operator Ki = KiK^ on ^2^^) ^^ ^S trace class. In this case. 



TrKi 




\Ki{z,w)\^d'zd^w 



Ki(z, z)d z, 



and S{f) £ A2{0), where f is the univalent function associated with the 
kernel Ki{z,w). Similar statements hold for the operators K4 and K4. 

Proof. It is sufficient to prove the lemma for the operator Ki. For the basis 
{e„}ngN of the Hilbert space ^2(^) ^^ have 



Tr Ki = ^(Kie„, e„) = ^ ||ifie„||^ = ^ nm\b-n-r 



n=l 




n=\ 



\K\{z^w)\ d^zd^w 



n,m=l 



Ki(z, z)d^z. 



Since the operator Ki is positive, it is of trace class if and only if the in- 
equality ()3.5() holds. On the other hand, we have 



S{f)iz) = -67T]imKi{z,w) = -6Y.i Y, klh^K-i \ z 

n=2 \k+l=n 

Hence if the inequality ()3.5|) holds. 



n-2 



00 ^ 



n=2 

00 



n-^ — n 



n-l 



^A;(n- A;)6„fc_(„_ 



k) 



fc=i 

n-l 



00 ^ /n—1 \ /n—1 



n^ — n , 

n=2 \fc=l 

00 71—1 

--2>^YYk{n-k)\h_ 
71=2 k=l 



^k)\ 



\k=l 



k,~{n—k) I 



3tt y^ nm\h-n,-m\'^ < 00. 



n,m=l 



D 
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Theorem 3.6. // the pair (P,g^) corresponds to a point [/j] G Tq{1), then 
the operators Ki and K4 associated to f^ and g^ respectively, are of trace 
class. 

Proof. According to Lemma 13.51 it is sufficient to show that 
Ki(z, z)d z < 00 and / / K4{z, z)d z < 00. 



For [fi] G ro(l) choose a representative fi € L'^{0*, p{z)d'^z) n 0(B*)i. It 
follows from Lemma 3.9 in Part I that the path [tfi] connecting to [fi] 
in T(l) lies on Tq{1). Let wt^ = g^ o f ^'^ be the corresponding conformal 
welding and denote by {Ki)t{z,'w) the kernel Ki{z,w) associated with the 
univalent function f*'^. We have the following lemma. 



Lemma 3.7. 

d_ 
ds 



s=0 



(i^iW (fr^(^),fr'H) (fr')'(^) (fr')'H 

1 [[ Mu) ,2. 



(3.6) = — 7 T27 ^2 ^ ^' 

T^ J J [u — zy{u — w)^ 

where n*^ = f*^(D*) = gi^(]D)*), 

and i/ie integral (|3.6|) is understood in the principal value sense. 
Proof. Set Wi = Wi^, fi = f*^, gi = gi^ and v^ = ig+t °K^- We have 

VsOgt= gs+t o Ws+t o 'Wt"\ 

SO that fs is a q.c. mapping which is holomorphic on i7( = fi(D) and has 
Beltrami differential iJis,t on fi^ with 



(/^ 



s,t o gt 



v' /„ . „ „ .-1> 



It follows from the standard variational formula for q.c. mappings that 
d 



P-^' 



Iff iit(u)z(z — 1) ,9 , , 

Vs{z) = — , \\ '-d\ + p{z), 

s=o ^JJ [u-z)u{u-l) 



where p{z) is a degree two polynomial. We have 
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and 



A. 

ds 



V's{z)v'^{w) 



1 



^Q {vsiz) - Vsiw)y ttJJ {u- zY{u-wY 

n* 



^'^""^ Su. 



so that the result fohows. 

Now we use the fundamental theorem of calculus to estimate 

Ki{z, z)d z - 



D 



{Ki)i{z, w)\ d zd w 



d 
di 



{Ki)t{z,w)dt 



d^zd^w 



< 



D D 



d_ 
di 

d 
ds 



iKMz,w) 



d^zd^wdt 



s=0 



{Ki)t+s{z,w) 



d zd wdt 



I{t)dt. 

Making a change of variables z h^ f^~ {z),w ^^ i^ (w) in the inner integral 
I{t), we get 

2 



m 



fit fit 



vr^ 



d 
ds 



s=0 




fit fit 



{u — zY{u — wY 



d^zd^w 



d\ 



d zd w. 



Using the inequality 

(3.8) 



d'^w 



\w — z\ 



< iTr{p2)tiz), z£n;, 



where {p2)tiz) is the density of the hyperbolic metric on Q^ (see the proof 
of Theorem 3.3 in Part I), and the fact that the Hilbert transform is an 
isometry on L'^{C,d'^z), we obtain 



/(*)< 



1 

7r2 


IJ 

fit 


J J \z-w\^ 


zd^VL 


; < 


4 

TT 


4 


II 


Mz)\'piz)d'z 


4 

TT 


h 


|2 
l2) 



\pt{z)\\p2)tiz)d^Z 



fit 
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where jit = Di^i?(f^)-i(/i). Now it follows from Remark 3.8 in Part I that 
there exists a constant C such that 

WP'th < C\\fx\\2 

for all < t < 1, so that 

r r 

Ki{z, z)d z < DO. 

The corresponding estimate for the kernel K^^ZjUj) is proved similarly. Al- 
ternatively, using the relation (|2.3j) we get 



(3.9) 



Ki([/.-i])(z,^) = K4(M)fi4)4^- 

\z W J Z'^ w^ 



Since To(l) is a group, the inequality for the kernel K4 follows from the 
corresponding inequality for the kernel Ki. D 

Remark 3.8. Actually using the generalized Grunsky equality one can prove 
an estimate sharper than (|3.8I) . Just observe that for z G fJJ' 

^^ = .^K,{g-\z),g~\z))\{g-^y{z)\^ 



nt 



and that ,._ -.^ is the kernel of the identity operator on ^42(0*). Hence 

the second equation in (|3.4j) gives, 

1 1 

1^3(2, z) = —r^ Tm? ~ "^4(2;, z) < 



7r(l-|z|2)2 ^^ '"^ - 7r(l-|z|2)2^ 

and we get 



d^w IT , , , , 

< -r(P2)tiz). 



J J \z-w\^ ^ 4 



Corollary 3.9. Grunsky operators Bi and B4 associated with the pair 
(f^jg^), [fi] G T{1), are Hilbert- Schmidt operators on £'^ if and only if [fi] G 
7^0(1). 

Proof. Under the isomorphisms ^2(^) — ^^ ^^^ ^K^*) — ■^^' ^^^ operators 
Ki and K4 correspond to the operators BiB^ and B4BI respectively. Since 
/3(ro(l)) = ^2(115) n/3(r(l)), the "only if" part of the statement follows from 
Lemma 13.51 D 

As an application, consider the Hilbert space ,^2 of Hilbert-Schmidt op- 
erators on i'^, 

^2 = [t :i'^ ^f a bounded operator ||r||^ = TtTT* < cx)| , 

and define the mapping ^ : To(l) — > o?2 by 

mfi])=Br{fn, Nero(i). 
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Since Grunsky coefficients characterize univalent functions up to a post- 
composition with Mobius transformation, the mapping ^ is one to one. In 
fact, we have a stronger result. 

Theorem 3.10. The Tnapping ^ is a holomorphic inclusion of the Hilbert 
manifold Tq(1) into the Hilbert space 5^2- 

Proof We need to show that for every [ly] £ To(l) and fi G H^^'^(B*), the 
map C 3 t h^ Bi{t) = Bi{f'^^^'^) is holomorphic in a neighbourhood of t = 
in C. For this aim, since the mapping [fi] -^ f^{z) is holomorphic for fixed 
z E D, for every ZjW £l} the map 



t^K';+'^{z,w) 



1 / 1 {f^'+^''y{z){F+^^'yiw) 

^ \{Z- W)2 ~ (f'^+*M(z) - f^+*M(u'))2 



is holomorphic in a neighbourhood of t = in C We choose 5 > so that 
||i^ + tfJ-Woo < 1 for all \t\ < 6. For every to such that |to| < ^i let 6i be such 
that < 5i < (5 — |to|- Then for all |i — to| < ^i, we have by Cauchy integral 
formula, 



^,+t^ - K[+*o'^ - (t - to) 

{t-tof 



d 



dt 

Kl^'^^{z,w) 



^U+tfl 



Kr''\{z,w) 



2Tri 

\C-to\=Si 

Hence 
(3.10) 

5^(p+tM)__B^(p+toM) 



(C-t)(C-io)^ 



t=to 



t-to 



d 
di 



K 



u+t^ 



K 



1 



t-to 



t=to 

d_ 
di 



5^(P+tM) 



jy-U+tfl 



{z,w) 



t=to 



d zd w 



< 



l^-^ol 
47r2 




Kl+^^'iz^w) d^zd^w\dC\ 



\dC\ 



|C-io|=<5i 10 O 

We have from the proof of Theorem 13.61 



IC-to|=5i 



IC-tPIC-tol^" 



Kl^^^{z, w) d^zd'^w < C\\u + C/i||i < C(||z.||2 + 5lM\2f, 



so that H3.1U() tends to as t — > to, which proves the assertion. 



D 



Remark 3.11. Since the classical Grunsky operator Bi is bounded, the map- 
ping ^ extends to the whole Banach manifold T(l). Let £S{i'^) be the space 
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of bounded linear operators on i^, 

!^{i ) = It : i — > £ a linear operator : ||r|| = sup ||rn|| < cxd. > , 

and define the mapping ^ : T(l) -^ S§{f') by 

Analogous to Theorem 13.101 we show in Appendix B that the mapping ^ 
is a holomorphic inclusion. 

3.2. Fredholm eigenvalues and Fredholm determinant. In |Sch57j . 
Schiffer has studied the eigenvalues of the classical Poincare- Fredholm bound- 
ary value problem of potential theory on a C^ curve. Here we show how 
Fredholm eigenvalues for a quasi-circle C = f'^(S'^) = g^(5^), associated with 
[/i] G ^0(1)) are related to the eigenvalues of trace class operators Ki and 
K4. 

Let f) be a separable Hilbert space with the inner product ( , ). A conju- 
gation operator J on f) is an R-linear operator satisfying J^ = I and 



{Jx,Jy) = {x,y) for all x,y G f). 

Conjugation operator is necessarily complex anti-linear. For every bounded 
linear operator T on f), 



{JTJx,y) = {TJx,Jy) = {Jx,T*Jy) = {x,JT*Jy) for ah x,y G [), 

so that 

{JTjy = JT*J. 

In particular, if [/ is a unitary operator on i), then JUJ is also a unitary 
operator. For a bounded linear operator T on f) its transpose is defined as 

T* = JT*J. 

Generalizing the notion of symmetric complex-valued matrix, a bounded 
operator T on f) is called symmetric with respect to the conjugation J, if 

rp rjit 

The Hilbert space t) = £'^ carries a standard conjugation operator J, defined 
by (|3.3)) . The following statement is a generalization of Schur's Lemma (see, 
e.g., |Pom75| Sect. 3.6]) to the case of compact operators on i'^. 

Lemma 3.12. Let T be a compact operator on f.'^ , symmetric with respect 
to the standard conjugation operator J. Then there exist a unitary operator 
U on (^ and an operator D > on i'^, diagonal with respect to the standard 
basis for £^ , such that 

T = UDUK 
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Proof. As in |Pom75j . consider the decomposition 

^ T+JTJ T-JTJ 

T = + i = A + iB, 

where A and B are self-adjoint compact operators satisfying AJ = J A and 
BJ = JB. Let T be the self-adjoint operator on the Hilbert space £^ © £^ 
defined by 

'A B 
B -A^ 

The operator T is compact and satisfies 

(3.11) TE = -ET and TJ = JT, 

where 

From the first equation in p.llf) it follows that if u G ^^©^^ is an eigenvector 
for T with eigenvalue A, then v = Eu is also an eigenvector for T with 
eigenvalue —A. It follows from Hilbert-Schmidt theorem on canonical form 
of compact self-adjoint operator that there exist a unitary operator U on 
f © f of the form 



^ \U2 -Ui 
and an operator D on ^^ © i'^ of the form 

'D 



°-'0 -D 

where D is diagonal with non-negative entries, such that 

T = UDU*. 

From the second equation in ()3.11() it follows that T(JUJ) = (JUJ)D. 
Since JUJ is also a unitary operator, we have 

T = (JUJ)D(JUJ)*. 

Consequently, we can choose U so that U = JUJ. Now it follows from the 
canonical form that 

T = A + iB = {Ui+ iU2)D{Ul + iU^). 

Let U = Ui +iU2 : (^ ^' (^ . Since U is a unitary operator, \J is also unitary, 
and the property U* = JU* J implies that 

J\J*J = J{Ul - iUl)J = UI + it/*, 

since J is complex anti-linear. D 

Corollary 3.13. The non-zero entries of the operator D are singular values 
of the operator T. 
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Proof. Since the operator [/* is unitary, 

TT* = UD'^U* = UD'^U^^, 
so that the entries of D^ are the eigenvalues of TT* . D 

Now let (/, g) be a normalized disjoint pair of univalent functions such 
that the corresponding set F has Lebesgue measure zero and the Grunsky 
operator Bi is compact. We apply Schur's Lemma to the operator Bi on 
£^. It follows from the symmetry property of Grunsky coefficients that 

BI = JBiJ. 

Thus there exist a unitary operator U on £^ and a diagonal operator D with 
non-negative entries such that 

Bi = UDUK 

From the first identity in (|3.2|) . we obtain 

U~^B2BIU = 1 -D"^. 

Since ||-Bi|| < 1, the operator I — D^ is positive-definite and hence invertible, 
so that the operator 

V = BIU{I -D'^y^/'^ 

is also unitary. Using the property -B3 = B2, which follows from the sym- 
metry of Grunsky coefficients, and the third identity in (|,'-{.2|1 . we obtain 

V^B^V = -D. 

Collecting everything together, we get the following identities: 

BiJUJ = UD, B^JUJ = JVJ{I-D'^f/'^, 

B2V = U{I-D'^f/^, BiV = -JVJD. 

Letting 

\n = {D)nn, Pn = ((1 " D^f'^)nn = \/l " A2 

OO I OO I 

-m— 1 



OO I OO I 

Uniz) = 22 J—UmnZ"'"'^, Vn{z) = ^ J — {JV J)mnZ 
m=l * ^ m=l ' ^ 

and realizing S/'s as linear operators i^^'s, we obtain for n G N, 



Ki{z,w)Un{w)d W = A„U„(z), / / Ks{z,w)Un{w)d W = Pn^n{z) 
D K) 

/ / K2{z,w)Vn{w)(fw = PnUniz), / / K4{z,w)t)niw)cfw = -A„0„(2;). 
D* D* 

Setting 

Wn = U„o/-l(/-l)' and Vn = '0nOg~^{g~^)', 
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we get, 

(3-12) r // T^^^d'^ = -Ann„(z), z G n, 

cfw = PnVn{z), Z G i}* , 

d W = PnUn{z), Z G ft, 



n J J [z — w)'^ 
n* 

Comparing equations H3.12() with corresponding formulas in |Sch57j , we find 
that {ibA~^}^^ are Fredholm eigenvalues associated to the quasi-circle C = 
fiS^)=giS^). 

Remark 3.14. The relation between the Fredholm eigenvalues and the eigen- 
values of the Grunsky operator for a C^ curve was first obtained by Schiffer 
in |Sch81j . Specifically, in |Sch81j Schiffer has shown that Fredholm eigen- 
values, defined as the eigenvalues of classical Poincare- Fredholm integral 
operator on C^ curve, satisfy (|3.12)) . Furthermore, using completeness of 



' // 


" Un{w) 


J J 

n 


{z — wY 


' // 


" Un{w) 


n 


(z — w)'^ 


' II 


'' Vn{w) 


J J 

n* 


{z-wY 


1 fl 


" Vn{w) 



the bases {un}, {vn} in corresponding Hilbert spaces, he proved the relation 
(|3.2j) . which is equivalent to the generalized Grunsky equality with Aq = 0. 
Here we use the opposite approach. We start from the generalized Grun- 
sky equality for the pair (f^,g^) for [//] G 7b (1) and use it for deriving all 
necessary properties of the Grunsky operators. In particular, we prove that 
the Grunsky operators Bi and i?4 associated with [p\ G To(l) are Hilbert- 
Schmidt. The case we consider is more general than in |Sch81j since the set 
of all quasi-circles f'^(5'^) for [/u] G Tq{1) contains the set of all C^ curves as a 
proper subset. In fact, we prove in Appendix B that the Grunsky operators 
Bi and B^ associated with [//] G T[\) are compact if and only if [/i] G S, the 
subgroup of symmetric homeomorphisms of S^. Our analysis of the relation 
between singular values of Grunsky operators and Fredholm eigenvalues still 
holds for this case. 

As in |Sch59j . for a pair {f,g) such that the corresponding operators 
Ki and K4 are of trace class, we define the Fredholm determinant for the 
corresponding quasi-circle C = f{S^) by 

00 
BetpiC) = YIpI = det(/ - Ki) = det(/ - K4). 

n=l 

Theorem 13.61 justifies the following definition. 
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Definition 3.15. The real- valued function S2 : Tq{1) ^ M is defined as 
S2(M) = logDet^(P(5i)), M G ro(l). 
It follows from ^^ that 

(3.13) S2(M) = S2(M-i), M G ro(i). 

3.3. Period matrix of l-forms. For a normalized disjoint pair {f,g) of 
univalent functions we set fi = /(B), fi* = ^(B*), and define the Hilbert 
spaces 

AliQ) = \ ^ holomorphic on ^ : \\^\\l = 11 \^{z)\^ (fz<oo) , 

n 



A',{n*) 



> . 



■0 holomorphic on Q* : HV'lb ~ IV'(-2^)I d z < 00 

n* 

The Hilbert spaces A^i^) and ^2(^*) — ^^^ Hilbert spaces of holomorphic 
l-forms on corresponding domains, are, respectively, naturally isomorphic 
to the Hilbert spaces ^2(11^) and Al(B*). 

Consider generalized Faber polynomials of g and / defined, respectively, 
by jPom75[ TTeM^ 



-z 



g{z) -w ^ _ y^ Pnjw ) 
bz ^-^ n 

n=l 

W- f{z) f{z) ^ Qn{w) „ 

log = log > Z . 

w z ^-^^ n 

n=l 

Here Pn{w) is a polynomial of degree n in w and Qn{w) is a polynomial of 
degree n in 1/w. Specifically, 

Pn{w) = {g~\w))%, 

the polynomial part of the n-th power of the inverse function g^^, and 

Qn{w) = (rHu;))<^, 

the principal part of the negative n-th power of the inverse function /~^. 
Here for 5 C Z and a formal power series A{w) = Y^^ez ^nW^ we denote 
{A{w))s = Enes^nw\ 

Comparing the definition of Faber polynomials with the definition of 
Grunsky coefficients, we obtain the following relations (see, e.g. |Pom75[ 
ITeo()3p 



00 00 

n,—m^ ) 



Pn{g{z)) = z" + n ^ bnmZ-"", Pn{f{z)) = nb^fi + ^ ^ 6, 
m=l m=l 

oo oo 

Qnigiz)) = -nb^nfl + n^ bm-nZ'"", Qn{f{z)) = z"" -^ n ^ 6 



n,—m 
m=l m=l 



Z 
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Now assume that the pair (/, g) is such that the corresponding set F = 
C\{/(B)U5(D*)} has Lebesgue measure zero. Then it follows from the above 
formulas and Eemark 13.31 that the Hilbert spaces ^2(^) ^^^^ ^2(^*) have 
natural bases {a^l^i and {(3n}^=i, given respectively by the polynomials 

P'(z) 

an{z) = ^^, nen, 

Wnn 



and by the Laurent polynomials 
Indeed, we have 

oo oo 

an ° ff ='^ {B3)nmem and PnO gg' = ^ {B2)nmfm, 
771=1 m=l 

and the inner products are given by 

{an, am) = an{z)am{z)(f z = II anif{z))f'(z)am{fiz))f'{z)(fz 



n 

oo 



/ ^{B3)nk{B: 



3)nik' 



k=l 



Hence the period matrix of ^2(^) with respect to the basis {an}'^=i of 
holomorphic 1-forms on fi (the Gram matrix of the basis) is given by 

Nn = {(an,am)}^,n=i = ^3^3- 

Similarly, the period matrix of the basis {Pn}^=i of holomorphic 1-forms on 
il* is given by 

Nn*={{Pn,(3n.)}^,n=l=B2Bl 

We just proved the following result. 

Corollary 3.16. Let {f,g) be a normalized disjoint pair of univalent fuc- 
tions such that the set F = C\ {/(©) U g{0*)} has Lebesgue measure zero 
and the corresponding Grunsky operators Bi and -B4 are Hilbert- Schmidt. 
Then for C = f{S^), 

Deti7'(C) = det A^n = detNn* 

4. Variations of the functions Si and S2 

Let d and d be (1, 0) and (0, 1) components of de Rham differential d on 
the complex manifold Tq{1). Here we compute the "first variations" of the 
functions Si and S2 — the (l,0)-forms 5Si and 5S2 on ro(l). 
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4.1. The first variation of S2. 

Theorem 4.1. The real-valued function S2 : 7o(l) -^ M is differentiahle at 
every point [v] G Tq{1). In terms of the Bers coordinates e^ on the chart 

D* 

Here Wu = g^^ o f^ is the conformal welding corresponding to [v\ G 7o(l). 
Proof. By definition of the Bers coordinates (see Section 3.3. in Part I), for 

5S2,. ,. d 



ae;^f"^^ de 



S2([e/i*z^]). 



e=0 

Set We^j, oWy = g^^ o f^, f = fO = i", g = go = gj, and Ki(e) = Ki(f^). Since 
Ki(e) is a fiolomorptiic family, we have 



<"' £<M>-I 



det(/ - Ki(e)) = -Tr (^(I - Ki)-i^(O) 



(see, e.g., |(7K69| Ch. IV. 1, Property 9]). Now using Lemma IrTTl we have 

^Ki,. iw , 1 /■/■ /■/■ Ai(tx)f(z)g'(n)2f(C) ,^,,^ ,^2 ,2. 

56/, TT^ 77 77 (f(^) - g(n))^(g(n) - f(C))^ 

o o* 

'' ' ' fi{u)K2{z,u)K3{u,C)KUC,w)d\d\ 

n{u)K2(z,u)Ki{u,C)K^{C,w)d^ud^C- 




Here in the last line, we have used the second relation in (|3.2|) . 

KsKl = -K^Kl. 

Let R2 {z, vo) be the kernel of the inverse operator K2 — the anti-holomorphic 
function on D* x D satisfying 

K2{zX)R2{C,w)d^Q = h{z,w) ^ 



R2{z,C)K2{C,w)d^C = h{z,w) 



7r(l — zw)"^ ' 

1 



7r(l — zw)"^ 

ID) 

Here Ii{z, w) and l2{z, w) are the kernels of the identity operators on ^2(^) 
and j42(ID'*) respectively. Similarly, let K^iz^w) be the kernel of the inverse 
operator (K'g)"^- We have 
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SO that 

ID) D* ID) ID* D* 

K2{z, u)Ki{u, C)K2{C, w)(fu(fCd^z(fr](fw 

fi{u)Ki {u, Oh iv, y)h (C, r^)<fud\<fC 




lx{u)Ki{uX)h{C,u)d'udX 



^{u)Ki{u,u)d^u = -— I I S{gu){u)^{u)d^u. 



Here in the last hne we have used 

K4,{u,u) = hm — -— — --^ - -^ = --—S{g){u). 



D 



Denote by Tr*,To(l) the holomorphic cotangent space to Tq{\) at a point 
[/i] G ^o(l)- The natural isomorphism TuiTo(l) ~ H^'^'^iJ])*) induces the 
isomorphism Tr*iTo(l) ~ A2{p*). Define a holomorphic 1-form i? on Tq{1) 

by 

where ^1-^ = 5-1 oPero(l). 
Corollary 4.2. On ro(l), 

DTT 

Remark 4.3. For C^ curves the statement of Theorem 14.11 was obtained by 
Schifi'er in |Sch59j . The derivation in |Sch59j uses the variational theory of 
Fredholm eigenvalues and the exterior variation of the domain. Our proof 
is different from Schiffer's: we use general formula (|4.1|) and the quasi- 
conformal variation. 

4.2. The first variation of Si. In addition to Si, we introduce another 
function Si : ro(l) — > M defined by 

Si([/x]) = Si([m-1]). 
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Using (|2.;-{|) . we get 



Si(M) 



^(f^ 



(P)' 2 
i^' z 



(fz + 



A{^ 



(fz 



47rlog|(g^)'(oo)| 
\A{g,)\^d\ + 



where f^ 



I o 



fM 



o I 



1 &/J. 



Ain d'^ + 4^1og|g;,(0)|, 



* ° g/x o * and i{z) = -. The functions P and g^ 
are univalent, respectively, on the domains ID* and B and are normalized as 
P(oo) = oo, (f^)'(oo) = 1 and g^(0) = 0. They satisfy the factorization 

(4.2) w^ = ~g~'oP, 

where Wfj, = to w^ o i. 

This description corresponds to the realization of r(l) associated with 
the model H^ ~ D. Namely, due to the canonical isomorphism 

?2 



/x G L°°(B*) 



jji = I ^ 



HM5eL-(D), 



we have r(l) ~ L°°(D)i/ ~. If it;^ is a q.c. mapping associated with ^ G 
L°°(ID)*)i, then Wfj_ is the q.c. mapping associated with jl G -L°°(D)i, and 
corresponding conformal wielding is given by (|4.2() . 

In this section, we will also use the model T(l) ~ L°°(D)i. To simplify 
the notations, for jjl G L°°(ID))i we will denote corresponding q.c. mapping 
by w^ = g~^ o f^, where i^ and g^ are univalent on the domains D* and 
D and are normalized as f^(co) = cxo, (f^)'(cxD) = 1 and g^(0) = 0. Cor- 
respondingly, for 7 = (7~^ o / G '^(1) we would have the normalization 
/(oo) = oo, /'(oo) = 1 and ^(0) = 0. To avoid confusion with the notations 
for our primary model r(l) = L°°(B*)i/ ~, we will always specify explicitly 
in the main text when we are using the model T(l) ~ L°°(D)i/ ~. 

The function Si on Tq{\) naturally extends to a function S on 70(1), 
defined by 



S(7) 



2 j2. 



\A{f)\'(fz+ // \A{g)\'(fz-^^\og\g'{^ 



where j = g ^ o / g ^(1). For 8(7) = §(7 ^) we have 

2 



S(7) 



\Amd'z+ Aif) d'z + i7Tlog\g'm, 



where / 



I o 



f o I and g = 10 g o I. 



Lemma 4.4. The function S is constant along the fibers of the canonical 
projection vr : 70(1) -^ Tq{1), S = Si o vr. 
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Proof. We are using the model r(l) ~ L°^(P)i/ ~. For /i G L°^(D)i let 
7 = ff"^ o /, IfM = 9il^ ° f^ ^ %W be such that tt{j) = 7r(7^) = [n]. 
Comparing the normalization for / and /^ at cx), we get 

f = <y°f^ and g = (Togf,oa^^, 

for some a G PSU(1, 1) and o"(z) = z + 6o- Since / h^ -4,(/) is invariant if 
/ is post-composed with a translation , to prove that 8(7) = S(7^) we need 
only to check that for a G PSU(1, 1), 

ll\A{goa'')\^d'z + Anlog\{goa~'ym = ll\A{g)\'d'z + 4nlog\g'{0)\. 



Let 



a{z) = e'- 



1 — zw 
and set logg'{z) = J2'^=oC-nz"'. Then A{g) = I^^i "-On-^""^ and 

\A{g o a-^)\'^dh = 1 1 \A{g) o a-^{a-^)' + A{a-'^)\^d^z 



\A{g)-A{a)Yd'z 



A{g) 



2w 



1 — zw 



Sz 



j j \A{g)\''d^z - AkAw j j A{g){z)Y,{w-zr-^d^z 



+4|u;|' 



Y^iw-zT-' 



n=l 



d^Z. 



The last two terms give 

-47r Re ^ a„u7" + 47r ^ 



00 I |2„ 

w\ 



\n=l 



n=l 



n 



= -47rlog|5'(tt;)| + 47r log |5('(0)| -47rlog(l - \w\'^). 
On the other hand, we have 

{g o a-i)'(O) = 5'(a-i(0))(a-i)'(0) = (1 - \w\'')g'{w). 
This concludes the proof. 



D 



Theorem 4.5. The real-valued function Si : To(l) ^ M is differentiahle at 
every point [u] ^ Tq[1). In terms of the Bers coordinates e^ on the chart 



Vv 



asi 

de. 



(M) = 2 //5(g,)(zVWd2z. 



This is why it is more convenient to use the model T(\) ~ L°°(D)i/ < 
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Proof. We are using the model T(l) ~ L°°(D)i. For [u] £ 7b(l) choose a 
representative v G L°°(D)i which is a product of elements in i7~^'^(B)i, 
and let We = We^ o w,y = g~^ o i^ . It follows from Lemma 2.5 in Part I that 
corresponding 7^ = g~^ o /^ fixes 0, 1, cxd. By the above lemma, 

Si([e^*zy]) = S(7£). 

We have 7507"^ = 7^^, where k = {a^^)*{fi) and a = ^i,ow~^ G PSU(1, 1). 
Set / = /°, g' = g^ ., so that g = (J o g^ o oT^ for some o" G PSL(2, C), and 
define Vg = f^ o f^^. Since f^ is normalized, it's Laurent expansion at 00 
has the form 



bi 62 

z + — + ^ + ... 
z z^ 



Hence 



d_ 
de 



and the first variations of v^^ have the form 



d_ 
de 



Vs{z) 



f{z 

Ve^z) = 0{z^ ) as z 

he 

((5-^)*k)H 



00, 



e=0 



e=0 



W — Z 



-d w, 



d_ 



Veiz) = 0, 



£ = 



where il = ^(ro). Since Jsk, fixes 0, 1, 00, we also have 



d_ 
de 

d_ 
di 



IsKiz) 



e=0 



IsKiz) 



e=0 



z{z — l)n{w) 
{w — z)w{w — 1) 



(Pw, 



z{z - 1)k{w) ^^^^ 
(1 — wz)w{l — w) 



Using /"^ = Vg o /, we obtain 

A{n=A{v,)off + A{f). 
Applying the variational formulas for f^, we have 



d_ 
Ye 



A{Ve){z) 



92 d 



e=0 



and hence 
d_ 
Ye 



e\\2 ,2. 



\A{frd'z 



e=0 ■ 

w 

Similarly, using 
we have 



dz"^ de 

2 

vr 



Ve{z) 



e=0 



[w — z)-^ 



K{w)g'{wYr{z\ 
{g{w) - f{z)Y 



■A{f){z)d'wd'z = Ii. 



9e°le 



Ve og, 



g'e°len{leK)z = v'^ o g g , 
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and 



•^ide) °7eK{lef^)z + Aije^) = A{Ve) ogg' + A{g), 



where 



Hence we have 



d_ 
'd~e 



g'M = -g"iO) 



e=0 



Ai-fen) 



d 



de 



e=0 



[IskJzz 
{leK)z ' 



x-<l(0)-»'(0)|(| 



e=0 



len (0) 



n .9 f d 



</(o) 



TT 



k{w) 



e=0 
1 



Ve (0) 



1 



9'{njf ^ ,2 



w"^ w{w — 1) fl'(w)^ 



d w, 



and 



d_ 

'd~e 



£ = 



5^(0) = -ff"(0) ( ^ 



£ = 



T.«|(0)-9'(0)i^(| 



£=0 



ISK (0) 



,'(0) ff nH _^,^^ 



TT ././ w(w — 1) 



as well as 

A{gs) o -ieK{leK)z 



d_ 
Ye 



£ = 



d_ 
Ye 
2 

TT 



£=0 



-4(^'£) o 99' 



d_ 

Ye 



A{-ien) 



£ = 



K[W] 



g'iwYg'iz) 1 



d'^w, 



and 



9i 



-4(ff£) O 7£k(7£k)2 



£=0 



9e 



^(7£«) 



£=0 



KiW) 



(1 — t(;z)^t(; 



d'w. 



From here we get 
d 



27r 



de 



log|5;(0)|^ = -2 // k{w) 



£=0 



9'iw? 1 \,2 



g{w)'^ w"^ 



d w = I2, 
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e=0 



jj\A{ge)\^Sz 



d_ 
de 




K[W) 



e=0 



\M9e) o leK{leK)z\^ (1 - \eK\'^)(f Z 



g'{wYg'{z) 1 

{g{w) - g{z)Y [w - zf 



A{g){z)d^wd^z 



2 
+ - 

vr 



K{w)Aig)iz) 2 ,2 r I T 

— ^T^rd ^" z = h + U- 

w(\ — wz)-^ 



Let \.ogg'{z) = Yl^=o(^nz"' be the power series expansion of logg'{z). Then 
A{g) = X^^i '^^n^""^- Exphcit computation gives 



2 ff A9){z) .2^ = f]n{n + l)anw''-' = ^(g)^M + -A{g){w). 



^ J J ^(1 — vjzY" 



Hence 



U= \\ k{w) ( A{g)'(w) + -A{g){w) ) d^^. 



To compute the other terms, we define the foUowing holomorphic function 



on 



h{w) 



1 /■/■ g\w)r{z) 
vr n {g{w) - f{z)y 



;A{f){z)d'z 



+ 



1 



n 



9'{w)g'{z) 1 

(fi'(w') - 5'(^))^ (u;-2;)2 



^(5)(^)d^^. 



Then it is easy to check that 



d_ 

de 



S(7s) = h + h + h + h 



e=0 



J(„„\2 



k{w) ( /i'(u;) - A{g){w)h{w) - 2^|^ 



5l^«J 



2 2 \ 

+ ^ + ^(5)'(u') + -A{g){w) d^w. 
w^ w J 



To finish the proof, we claim that 



h{w) =A{g){w) 



g{w) w' 
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which is going to be proved in the next lemma. With this equation for h, it 
is straightforward to compute that 

d_ 
de 



S(7e)= // {2A{gnw) - A{g){wf) K{w)d'w 

e=0 



S{g){w)K{w)(fw = 2 S{gu){w)n{w)(fw. 



Returning back to the model T(l) = L°°(][D*)i/ ~, we get the statement of 
the theorem. D 

Lemma 4.6. In the model T{1) ~ L°°(ID))i/ ~, let ^ = g-^ o f be the 
conformal welding corresponding to j £ '?o(l)- Then for z £0 the following 
identity holds 

1 [f ( 9'{z)g'{w) 1 



D 

Proof. First we consider the case when A{g) and A{f) are smooth functions 
on S^ . Specifically, we assume that the Beltrami differential n corresponding 
to 7r(7) G ?o(l), is smooth on C and /i|^i = /UjI^i = 0. Denote by h{z) 
the right-hand side of the identity of the lemma. Changing the variables of 
integration and using Stokes' theorem, we obtain 



TtJJ (Z-Wy TTjJ (Z-W)'^ 



where Q, = g{Ii),Q* = /(D*) and C = g{S^). Next, consider the relation 
7 o (/~^ = /^^, where 7 = j^'^, and differentiate it twice with respect to z. 
Since 7^ vanishes on S^, we get the following relations on C, 

Tz -1/ -l\ [J )z 

— °a [9 )z = ^_i , 



Ai^)og-\g-'), = Aif-')-Aig-'). 



Hence 



-1..-1V. ^ 1 /■ 1 



hog-\g-'y{z)=-—f -{A{^)og-l){w){g-^Uw)dw 

2m Jc [z - w) 

1 f 1 



2m J si z - g{w) 



A{'^){w)dw. 
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On the other hand, since J o 7 = 7 o j, where j is the inversion z 
have 



we 



A{j) =A{j) o j j, - 2 ^ o j j, + A{j). 



Hence 



hog-\g-^y{z) 



1 



1 



27rz J SI z- g{w) 



A{i) 



l\ 1 



W I w^ 



l\ 1 



7 \w J w 



w 



dw 



27ri Jgi z — g[w 

1 r 1 



A{j){w) 



7 (w) w 



dw 



2Tri Jq {z — w) 
The functions 



A{g-')H - Air')H + 2^-Ck^ - 2 (^">("^ 'l d^. 



/-H^) 



5 ^w^) 



are holomorphic on i7* = /(B*) and O = ^(B) respectively and due to the 
normahzation of /, 



Ar'){z) 



xr'u^) 



Thus we have by Cauchy formula 

hog-\g-^yiz) = 
or equivalently, 



+ 



O 



1 



as z — > 00. 



-<^-)<--)-^-! 



^^0/0 r„, where 



/.(z)=^(5)(z)-2^ + -. 

For a general point 7 = g^^ o / in 7o(l)) we let /„ = 
r„ is the dilation z 1— > ^^^z. Since /„ is a normalized univalent function on 
\z\ > ;^^, corresponding j'^ = g~^ ° fn ^ %{^) satisfies the assumptions 
made in the beginning of the proof. Since A{f) G A2(B*), we see that 

\\A{l o fnOi)- A{io f o 0||^1(p) 



A{fn 



2^ + - 

Jn Z 



f 2 

J z 



as n — > 00. 



Ai( 



By Corollarv IA.4I and Corollarv IA.6I in Appendix A we also have 



hm ||^(<7n)-^(5)|L 







and 



lim 



A{gn 



2^ + - 

9n Z 



A{g) - 2^ + - 

g z 



Ali 
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In particular, since convergence in ^42(1!)) implies convergence in yl^(D), we 
get 

lim (A{gn){z) - 2^{z) + -)= A{g){z) - 2^{z) + -, 

n-^oo \ gn Zj g Z 

uniformly on compact subsets of B. Since we have already shown that 

K{z)=A{gn){z)-2^{z) + -, 
gn Z 

to finish the proof of the lemma we need to verify that lim„^oo hn{z) = h{z) 
uniformly on compact subsets of D. 

We denote by Ki[n] and K2M the operators associated with the disjoint 
pair of univalent functions {gn,fn), and by Ki and K2 — the operators 
associated with the pair {g,f). Then 

hn{z) - h{z) = -[kMM^Yz) + [KiA{g)Yz) 

+ {K2[n]A{fn)){z) - {K2AU)){z). 

Now using Theorem B.l from Appendix B, and the fact that the inverse 
map is continuous on To(l), we get that 

lim \\Ki[n] - Ki\\ =0, 



where || || stands for the norm of the Banach space ,'^[A2(Ji),A\{p)). Since 
||-f^'i[?T-]|| ^ Ij we have 



KMAOn) - KiA{g) 



< 



Ki[n]{A{gn) - A{g)) 



+ 



{Ki[n]-Ki)A{g) 



AU 



< WAign) - Aig)\Uu^. + \\K,[n] - K^\\\\Aig)\\ 



AK 



which tends to as n — > cxd. Consequently, lim„^oo(-f^i W-^(5n))(-z) = 
{KiA{g)){z), uniformly on compact subsets of B. 

To prove the convergence of the other term in hn{z) — h{z), we let Qn = 
rn o gn and f„ = r„ o /„ = / o r„. Let 9.^ = f„(B*) = f{{\z\ > ^}). 
Since Q* C Q^+i^ the sequence of domains Qn = 0n(B) is a decreasing 
sequence that contains and nSn(B) = (7(B) = fi. By Caratheodory kernel 
theorem (see, e.g., Pom75 ), the sequence of univalent functions gn : B — > C 
converges uniformly on compact sets to the univalent function (7 : B ^ C By 
Weierstrass theorem, lim„^oo 0ra(-2) = g'{z), uniformly on compact subsets 
of B. Using that the operator K2 is unaffected by a simultaneous post- 
composition of / and g with a G PSL(2, C) and that A{fn) = A{rn ° fn) = 
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A{fn), we have 



K2[n]A{fn)){z)-[K2A{f)){z) 



^JJ {Qn{z)-fn{wW '""'' ' J J {g{z)-f{w)Y 

B* B* 

= Un{Qn{z))Q'n{z) - u{g{z))g' {z). 
Here for z G Vin = Qn{^) we set 



T^JJ {z-fn{w)y TTjJ [Z-Wy 

and for z G r2 = 5(15), 



uiz) = - 7 T^^Ts-^ /)(^M ^ = / / ^ T^d w. 

T^JJ [z-f{w)y ttJJ [z-wy 

Let tt„ = UuIq. Using ^(f;^^) = ^(r^^ o /-i) = ^(/^i) and Jl* C Jl*, we 
get 



Since Hilbert transform is an isometry, we obtain 

\\unogg' -uogg'f^^^^^^= // \uri{giz))g' (z) - u{g{z))g' {z)\^ (f z 

D 

|n„(z) - u{z)\'d^z < II \A{f-'){z)\'dh = II \A{f){z)\'d^z. 

' ' n 

Since A{f) G Al{0*), we get 

lim \\unogg' -uogg'\\^itjj,.=0, 

and, consequently, liuin^oo Uniz) = u{z), uniformly on compact subsets of 
0,. For every compact subset i? C B, QniE) C ^ for n sufficiently large, and 
it follows that 

lim Un{Qniz))Q'Jz) = u{g{z))g' (z), 

uniformly on E. D 

Corollary 4.7. On Tq{1), 

aSi = 2'd. 
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Theorem 4.8. The functions Si,Si,S2 on Tq{1) satisfy the following rela- 
tions, 

So = 5i ^ Si. 

12tt 12tt 

In particular, in Bers coordinates e^ on the chart Vy at [u] E To(l), 
^{[v]) = 2Jjs{g.){zMz)<fz, 

where w^ = g~^ o i'^ is the conformal welding corresponding to [v] € To(l). 
Proof. Since 82(0) = Si(0) = 0, Theorems 14. II and 14.51 immediately give 

Since the function $2 is symmetric, 

S2(N) = S2(M-i), 

the function Si is also symmetric, so that Si = Si. D 

Corollary 4.9. On Tq{1), 

5Si = 2^. 

Remark 4.10. Returning to the model r(l) = L°°(D*)/ ~, let 7 = g-i o / e 
7^3(1). Introducing the operator K : A\{Wj © A\{W) -^ ^2 W © A.i'^*)^ 

and the vectors 



^ U's KJ' 



"=fe)'^=(S)^^^<"'®-'^' 



where ui = A{iofoi)oii', U2 = —A{iogoi)oii' and vi = A{f), V2 = —A{g). 
Applying Lemma 14.61 to 7 and 7"^ and using generalized Grunsky equality, 
we can succinctly rewrite the two identities as a single equation 

Ku = -V. 

Indeed, Lemma 14.61 applied to 7 and 7^^ gives 

K3U1 + i^4U2 = —V2 and KiVi + K2V2 = —ui, 
and from generalized Grunsky equality it follows that the functions 



wi{z) = { lo; 
and 

W2iz) = - ( log 



^ n=l 
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satisfy the equations 

KiWi + K2W2 = wi and K^wi + K4tZ)2 = W2- 

Since ui = vi — 2wi and U2 = V2 — 2w2, we get the equation Kii = —v. 
Similarly, we get the equation Kv = — u. 

Remark 4.11. For C^ curves the result of Theorem l4.5l was obtained by Schif- 
fer and Hawley in |SH62j . They have used a completely different approach 
which can not be generalized to quasi-circles for Tq{1). 

The equality 82 = — i2^Si can be also interpreted as a surgery type for- 
mula for determinants of elliptic operators (see .BFK92, H2_99 ). Namely, 
let A(p be the Laplace operator of the conformal metric e^'^^^' \dz\'^ on D 
with Dirichlet boundary condition. Its zeta- function regularized determi- 
nant det A(^ is given by the Polyakov- Alvarez formula 

(4.3) logdetA^ = -^ /"/"|(^^|2rf2^_i_ / (^(e*^)d0 + logdetAo. 

D 

Now let 7 = g"-*^ o f G ro(l) and set, as before, g = 10 goi, i = loi ot. The 
metric |g'(z)p|(i2;p is a pull-back of the Euclidean metric Idw]"^ onCl = g(B) 
by the conformal mapping g. Assume that (l){z) = ^ log |g'(z)p is of C^ class 
on S^, and denote by A^^ the Laplace operator of the Euclidean metric on 
0, with Dirichlet boundary condition. From 1)4. 3 jl we immediately get 

log det A^ = -^ /"/"|^(g)|2d2z- ^log|g'(0)| + logdetAo. 



Now consider the metric |f'(-)p|(izp on ID — a pull-back of the flat metric 



2 \dw\'^ 



\i-\w)\^ 

on Q* = f(B*) by the conformal mapping f oz. Denoting by A^, the Laplace 
operator of the metric ds'^ on Q* with Dirichlet boundary condition, we get 
from (jO|l . 

logdetA^. = -^ ff\Aii)\'^d^z + logdetAn*, 

D* 

where we again assumed that ip{z) = ^ log |f'(i)p is of C^ class on S^. Here 

Ajj. is the Laplace operator of the metric y-rr on D*. Note that the metric 

ds'^ is regular at 00, so that A^, is an elliptic operator (cf. |HZ99p . The 
following result now follows from Theorem 14.81 and the symmetry property 
Si(M) = Si([^-i]). 
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Corollary 4.12. Let 7 = g"^ o f g To(1) be of C^ class on S^. Then for 

, , det Ao det Af,, 
DetF C = - — -^^ — -^. 

det AjD) det Ad* 

Remark 4.13. The statement of Corollary 14.121 can be interpreted as a 
surgery type formula in the spirit of |BFK92j for the Laplace operator of a 
conformal metric on the Riemann sphere P^, which is the Euclidean met- 
ric on the interior domain Cl = t(^*) and is the metric ds^ = ,- ' ,"'' ,,. on 

the exterior domain Q* = i{Q) (and thus is continuous on P^). The Fred- 
holm determinant Deti?(C) is the inverse of the determinant of the Neumann 
jump operator which corresponds to cutting of P^ along the contour C and 
considering Dirichlet boundary conditions for interior and exterior Laplace 
operators (cf. JHZ99]). 

5. WeIL-PeTERSSON POTENTIAL 

5.1. Weil-Petersson potential on To(l). As in the case of finite dimen- 
sional Teichmiiller spaces ;TT03a) , it follows from the results of the previous 
section that the function Si is a potential for the Weil-Petersson metric on 
To(l). For the convenience of the reader, here we give the details. 

Theorem 5.1. In terms of the Bers coordinates on the chart V^ at k £ 
Toil), 

92S1 



def,£y 



(M)= KzHz)p{z)d'z. 



Proof. We have 



(M) = 7^ 



dsnEy de 



e=0 '^^M 



Using Theorem 14.81 and the fact that at the point eu * k £ ^o(l) the vector 
field gj- on the chart V^ is represented by P{R{^,£v)) G f/'~^'^(B*) on the 
chart Veu*K (see Section 3.3 in Part I), we get 



-^{ev^K) = 2 ffs{gsu*K)P{R{f^,eu))d^z 

= 2 Jj (5(5,) o weu{weu)l) Q{Rif^, ei^)){l - \eu\^)d' 



z, 



where g^^ ° f^ = w^v o Wk, Ve = f^ ° f ^) and Q{R{^,ev)) was defined in 
Section 7.1 in Part I. Since g^ o Weu = v^ o g, we have 

(5.1) Sige) o Weu{weu)l + S{weu) = S{vs) o gig'f + 5(5), 



40 LEON A. TAKHTAJAN AND LEE-PENG TEO 

and it follows from the standard variational formula that 



d_ 



^2 _ 6 ff iy{w) 2„ 



e=0 ^JJ i^-Wz)^ 



Since according to Theorem 7.4 in Part I 

d_ 
di 



Q{R{fx,eu)) 

e=0 



is an infinitesimally trivial Beltrami differential, we have 



^^ c n..}\ - 12 ff ff K^Hw) 2„ ,2 



Si{[^]) = - // // ,7 ' _\'X wd'z= h,{z)u{z)p{z)d'z. 



d£fj,£i, vr J J J J {l — wzY 

D 

Corollary 5.2. On ro(l), 

59Si = —2iu;\Yp, 

where ojwp is the symplectic form of the Weil-Petersson metric. In other 
words, Si is a potential of the Weil-Petersson metric on To(l). 

Remark 5.3. It follows from Corollarv l3.16l and Theorem 14.81 that on Tq(1), 

— % 

ddlogdeiN^ = -—lowp- 

DVT 

In the spirit of the last remark in Section 8 of Part I, this result should be 
compared to the local index theorem for families of 5-operators on compact 
Riemann surfaces, 

— — z 
dd log det Aq — dd log det A''! = ooy/P^ 

DTT 

where A'^i is the period matrix of 1-forms on a compact Riemann surface 
X and Aq is the Laplace operator of the hyperbolic metric on X (see, e.g., 
[ZT87]). 

Remark 5.4. It follows from Corollarv 14.91 that on Tq{\), 

Here is a direct proof of this result, following our work |TT03aj . From 
equation (|5.1|) . we have at [k\ € 7ci(l), 



(um) = 4; 



S{ge) oWey{Wey)l{z) 
e=0 



12 ff ( g'{wfg'{zf I 

/ / vivo) — r^TT — -, 7T d w 

B* 

12 ff , g'jwfg'jz)^ ^2 

^y^iTl — N -.. aw. 



71" J J {g{w) - g{z)Y 
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Hence, 

12 ff ff,H^4MVi4.(,),w. 



12 ff ff , g'jwfg'jzf 2 2 



TT J J J J {g{w) - g{z)Y 

D* B* 
B* D* 

= 0. 

5.2. Weil- Petersson potential on T(l). The 1-form i9 does not naturally 
extend to the whole Hilbert manifold T(l) (since i?|r i G ^2(0*) if and only 
if [//] G ro(l)). Prom Theorem 12.121 we also see that ro(l) is the maximal 
subset of T(l) on which the function Si is well-defined. However, it is easy 
to construct a Weil-Petersson potential on T(l) by using right translations. 
Namely, we index the components of the Hilbert manifold T(l) by the set 
/ (uncountable) and for every a G I choose [/la] £ ^^(l) = -Rmq^o(I) such 
that yUQ = for the component To(l). This represents T(l) as a disjoint 
union 

T(i) = y T,(i). 

aei 
Define 

S{[u])=S^{[u*^^~']) for M G r,(l). 

It follows from the right-invariance of the Weil-Petersson metric that the 
function S is a Weil-Petersson potential on T(l). 

6. The period mapping 

The generalization of the classical period mapping to the homogeneous 
space Mob(5^)\Diff+(S'^) was outlined by Kirillov and Yuriev in JKY88J 
and developed by Nag |Nag92 . In particular, in |Nag92 it is explained in 



what sense this is a generalization of classical period mapping as an asso- 
ciation between the complex structures and corresponding spaces of holo- 



morphic 1-forms. Subsequently in |NS95j . Nag and Sullivan extended the 
period mapping to the universal Teichmiiller space r(l). Here we prove that 
the Kirillov- Yuriev-Nag-Sullivan (KYNS) period mapping coincides with the 
mapping ^ defined in Remark 13.111 

6.1. KYNS period mapping. Following |NS95j . let H be the real Hilbert 
space 



^ < CX) 






n=— 00 n=l 
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and let & be the symplectic form'^ on ?{: 

By complex linearity, the symplectic form Q extends to the complexification 
of "H — the complex Hilbert space TLc 



He =H^'\S\ 

f oo oo 



oo 



With respect to this symplectic form, the Hilbert space Tic has a canonical 
decomposition into two closed isotropic subspaces 

where 

{oo oo ^ 

n=l n=l J 

{oo oo "^ 

g:S'^c\ g{e'') = ^ 6„e-^"^ ^ n|6„|2 < oo I . 
n=l n=l J 

Let T)oo be the infinite dimensional analog of Siegel disk |Sie64j . 



S) 



oo 



{ze^{W.,W+) : e{Zf,g) = e{Zg,f) and /-ZZ>o}. 



Here ^(W-., VF+) is the Banach space of all bounded linear operators from 
W- to W+, and Z = JZJ : W+ — > W-, where J is the standard conjugation 
operator on "He defined by JVF+ = W- . With respect to the standard bases 

I en = ^e^"^| and (/„ = ^e~^"^| 

of the subspaces VF+ and W-, an operator Z G 2)oo is represented by an 
infinite matrix, and the condition @{Zf, g) = Q{Zg, f) translates as Z = Z^. 
Let Sp{7i) be the group of bounded symplectomorphisms on TC. Elements 
of Sp('H), extended complex linearly to Wc; in the basis {en}neN U {fn}neN 
of Tic can be represented by matrices 

(6.1) ( ^ f ) , where ^^* - BB* = I, AB* = BAK 



^B A^ 
The group Sp('H) acts transitively on ©oo by 

Z^ {AZ + B){BZ + A)-'^, 



We use a different sign convention since our complex structure has a different sign 
compared to |KV88 .Nag92. NS95 . 
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and the stabilizer of the point Z = is the unitary subgroup U of Sp{TC) 
consisting of bounded syniplectomorphisms with B = 0. Thus the canonical 
quotient map Q : Sp('H) — > Doo, 

^{{i f)) = i^Z + B)iBZ + A)-^^^^ = BA-\ 
induces the isomorphism 

Sp(W)/C/ ~ S)oo. 
In |NS95j ■ Nag and Sullivan proved that the assignment 
Romeo,s{S^) 97^ 11(7) E .^{Tic), 



where 



Hl){f) = f°l-^jj°id9, feHc, 



defines a right action of the group HomeOgs(S'^) on the Hilbert space Tic by 
symplectomorphisms. Thus the mapping 

n : HomeOg,(S^) -^ Sp(W) 

satisfies 11(71 o 72) = 11(72)11(71). On the other hand, an operator 11(7) 
preserves the subspaces W+ and W-, i.e., 11(7) £ U, if and only if 7 G 
M6b(5^). The induced mapping 

n = Q o n : r(l) = Mob(5^)\Homeo5s(5^) ^ Sp{n)/U ~ Doo 

is what we call KYNS period mapping of T(l). 

With respect to the basis {e„}„gN U {/n}neN of Tic, the mapping 11 : 
HomeOqs(»S'^) —>■ Sp{Ti) is given by the matrix 



n(7) = f ^ 21') ' ^ ^ HomeOg,(S^), 



where 



»mn(7) = ^/f £(7(e^'))-"e-^'"^d0. 

As a result, the KYNS period matrix 11 : T(l) — > 1)oo is given by the matrix 

n([/x]) = QS2l-\ Mgt(i), 

where 21 = ^{w^) and 53 = 53 (tf^). On the other hand, it follows from 1)6. 1() 
that 

iH7 ) - iH7j - ^_^(^^y 2i(^)t J ■ 
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Proposition 6.1. The Grunsky matrices Bi, I = 1,2,3,4, corresponding to 
7 G S^\HomeOqs{S^), and the elements of the matrix Il{'y) are related by 

Proof. Let ^ = g~^ o f he the conformal welding of 7 S 5^\HomeOgs(5"'^), 
and let P„ and Q„ be the Faber polynomials associated to the pair {f,g). 
Denoting by P+ : Tie -^ VF+ and P_ : Tic — > W- the orthogonal projection 
operators, we get 

21* = p+n(7~^) 

w+ 
By definition of Faber polynomials, (i-*^o/)l ^ g W+, where Pn{z) = 
Pn{z) - P„(0) and n > 1. We have on S^, 

P+n(7-^)(P° o /) = P+ ((PO o /) o /-I o g) = P+(P0 o g). 

Since P+(P0 o 5)(e^^) = e^^ and (P" o f){e'') = n E™=i &-m,ne''"^ we 
obtain 

00 

k=l 

i.e. %* B2 = Id. Similarly, let Q^ = Qn — Qn(oo). By definition of Faber 
polynomials, {Q^ o /)(e*^) - e"*"^ G W+ for n > 1. We have on 5\ 

P+fl(7-^)((Q° (/(e*^))-e-^"^) = P+ ((Q° o 5) - (7-I)-) = -P+((7-i)--). 

Since -53(7-1) = OS*, we have -P+((7-i)-")(e^^) = EZi Vl'^nke"'' . 
Using Q°(/(e^^)) - e"™^ = ^Em=i fe-m,-ne™^ we obtain 

00 

fc=l 

i.e., 21* 5i = !B*, which is equivalent to Bi = B\ = 5321- ^ Using ^3 = B^ 
and -64(7) = i?i(7~i) concludes the proof. D 

Corollary 6.2. T/ie KYNS period mapping 11 coincides with our period 
mapping ^ defined in Remark \3.11\ 

Proof. Due to Proposition IHH Bi = *B2l~^ D 



Remark 6.3. In INS95J it was stated that the period mapping 11 : T(l) — > 
2)oo is a holomorphic mapping of Banach manifolds. However, it was only 
shown that the induced mapping DII of tangent spaces is complex linear 
injection, which is not enough to claim holomorphy for infinite dimensional 
manifolds. In Appendix B we prove that the mapping ^ : T(l) — > J^{i'^) is 
holomorphic, which completes the proof in |NS95j . 
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Following G. Segal |Seg81 , we introduce the subgroup Spo('H) of the 



symplectic group Sp{H) for which B S S^2{W-,W+) — the Hilbert space 
of Hilbert-Schmidt operators from WL. to W+. The group Spo('H) acts 
transitively on the restricted Siegel disc 

D^=Soon^2(VF_,Ty+). 

Corollaries 16.21 and 13.91 immediately imply the following result. 

Corollary 6.4. For [fi] e T(l), n([/z]) G D^J^ if and only if [/i] e To(l). 

Remark 6.5. In view of the above corollary, define the restricted period 
mapping 

Since by Corollary 16.21 Ho = r'^, by Theorem I3.1UI Ho is a holomorphic 
mapping of Hilbert manifolds. The homogenuous space Sj^ carries a nat- 
ural Spo('H)-invariant Kahler metric with the Kahler potential ^{Z) = 
logDet(l — ZZ). It was first shown by Kirillov and Yuriev |KY88j and later 
by Nag |Nag92| that the pullback of this metric to M6b(5^)\Diff+(S'i) by 
the period mapping coincides, up to a constant, with the Weil-Petersson 
metric. It immediately follows from Corollarv 16.21 that 

S2 = logDet(/-ZZ), 

so that the pullback of the natural Kahler metric on 2)^ by the restricted 
period mapping to Tq{1) coincides, up to a constant, with the Weil-Petersson 
metric on Tq{1). Thus we have established the relations between all natural 
potential functions on Tq{1): up to a constant factor, they are indeed all 
equal! 

6.2. Embeddings into the Segal- Wilson universal Grassmannian. 

Let i^ be an infinite-dimensional separable complex Hilbert space and let 

be its decomposition into the direct sum of infinite-dimensional closed sub- 
spaces y+ and y_. The Segal- Wilson universal Grassmannian Gr('^) |SW85[ 
IPS86^ is defined as a set of closed subspaces W oi'f satisfying the following 
conditions. 

UGl. The orthogonal projection pr_,_ : VF — > V+ is a Fredholm operator. 
UG2. The orthogonal projection pr_ -.W^fV-isa. Hilbert-Schmidt op- 
erator. 

Equivalently, W S Gr('^), if W is the image of an operator w : Vj^ ^ W 
such that pr_,_w is Fredholm and pr_w is Hilbert-Schmidt. The Segal- Wilson 
Grassmannian Gr('^) is a Hilbert manifold modeled on the Hilbert space 
o5^2(^+i^-) of Hilbert-Schmidt operators from V+ to VI.. 

For our purposes, let y = Tie and V+ = W-, V- = Wj^. To every 
[/i] G Tq{1) we associate a closed subspace W^ C Tic spanned by the func- 
tions Wn{e^^) = -k:^Qn{^^{e^^))-, where w^ = g^^ o f^ is the corresponding 
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conformal welding. Explicitly, in terms of the basis {en}neN U {/njneN of 



/n + ^ Vnmb^n-mem, n e N. 



m=l 

We have W^ = w(V"+), where w(/„) = u;„, n G N. Thus the mapping 
pr^w = / — the identity operator on V+, is obviously Fredholm, and the 
mapping pr_w = i?i(f^) is Hilbert-Schmidt since [^] G ?b(l). According to 
Theorem l3.ini the mapping 

<r : ro(l) ^ Gr(Wc) 

given by (^([/x]) = W^ is a holomorphic inclusion of To(l) into the Segal- 
Wilson universal Grassmannian. For the homogeneous space Mob(S'^)\ Diff+(5^^ 
this mapping was first considered in JKY88J . 

Remark 6.6. Seemingly another mapping of Mob(S'^)\Diff_|_(S'^) into the 
Segal- Wilson Grassmannian was considered in ISTZ99J . Namely, extend 
fi E L°°(B*) by zero to D and let V^j be the space of distrubitional solutions 
of the Beltrami equation Wz = fJ-Wz on C having a single pole at 0. The 
mapping in jSTZ99j was defined by the assignment [jj] -^ ^ I gi • It is easy 
to see that the space V^ is spanned by the functions Wniz) = Qn{^^){z), 
n G N, so that V^\gi = Wf^ and the mapping in |STZ99j coincides with the 
Kirillov-Yuriev mapping |KY88j . 

Remark 6.7. The inclusion S" : Tq{1) — > Gr{7ic) is a holomorphic mapping 
due to the holomorphic dependence of f^ on /U. Since f^ is holomorphic 
on B, the subspaces Wf^ correspond to the different uniformizations of the 
same Riemann surface Q = f'^(B) ~ B. However, one can consider another 
mapping where the associated subspaces in the universal Grassmannian cor- 
respond to Riemann surfaces of different complex structure. Namely, set, 
as before, Y = Tic and let V+ = W+ and V- = W-. We denote the corre- 
sponding Segal- Wilson Grassmannian by Gr('Hc), and define the mapping 

i : ro(l) ^ Gr(Wc) 

by assigning to every point [/i] G Tq{1) the closed subspace W^ C "He 
spanned by the functions Wn{e^^) = -A=Pn{gfi{e'^^)), n G N. We have 

W^ = w(V+), where w(e„) = Wn, n £ N, and pr^w = / — the identity 
operator on V+ and pr_w = -B4(g^) is Hilbert-Schmidt since [fi] G To{l). 
The mapping <# is not holomorphic. However, since JW+ = W- , where J is 
the standard conjugation operator on T^c, we have Gic{TCc) = J{Gic{TCc)), 
so that Gr(7^c) is a mirror image of Gr('Hc). Denoting by I the inversion 
on the topological group To(l), we get 

i = JoS'oI. 
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Remark 6.8. One can describe the "Schottky locus", i.e., the image <§'{To{l)) 
in the Segal- Wilson Grassmannian Gi{TCc)- Indeed, since the correspond- 
ing points in Gt{TCc) are associated with the Grunsky operators Bi, it is 
equivalent to the characterization of the image of the restricted period map 
Ho : Tq{1) -^ 2)[J^. Let C = {Cmn}m,neN £ 2)^, which we realized as 
symmetric, Hilbert-Schmidt operator on i'^ satisfying / — CC > 0. Then 
C G no(To(l)) if and only if the the following conditions are satisfied. 
SI. 

ml ^1 ^2 ,„ I \~~^ '-^mn rn n 

' Z-i Zn 






m Zi — Zo \ „. 1 ^/mn 



'-1 ^2 



S2. There exist D = {Dmn}m,nm G '^'L and B G ^(£2) such that 

I-CC = BB* and I - DD = B*B. 
S3. 






l+> -^— — = exp - > 



m ^—n 



Zi Z. 



^1 

'm zi — zo \ '■ — ' \/mn 

m=l \ m,n=l ^ 

Equations SI and S3 are understood as infinite sequence of relations be- 
tween elements of the matrices C and D obtained by comparing coefficients 
of z'^Z2 and z^"^Z2^ respectively. Equations SI and S3 are nothing but 
dispersionless Hirota equations (see, e.g., Teo03 ). They are just a reformu- 
lation of the definition of the Grunsky coefficients of the univalent functions 
/ and g and the identities 

1 „.„... 1 °° 



+ c = Qi(/(z)) = -+ V6_i,_^z"^, 



•' ^ ' m=l 

^ + d = Pi{g{z)) =z+Y, bimz-"^, 

m=l 

where c and d are constants. See |Teo03j for details. 

Appendix A. Hilbert manifold structure of %{!) 

Here we show that the Hilbert manifold Tq{1), modeled on the Hilbert 
space ^2(0) © C, can also be modeled on the Hilbert space A2(©), which 
induce the same Hilbert manifold structure. This result is parallel to the 
one in the Appendix of jTeo02l . 

Let /3 be the Bers embedding T(l) ^ ^00 (B) ® C, 

and let (3 : T(l) -^ Aj^(B) be the pre-Bers embedding of T(l) into A^(D), 
By Theorem m^ /3(7) G Al{0) if and only if 7 G %{!). 



48 LEON A. TAKHTAJAN AND LEE-PENG TEO 

Lemma A.l. The map $ : ^2(^1^) ^ ^iW © C, 



where ^(^) = tpz — 2'^'^ > ^-^ '^ ^^^ ^'^ ^'^^ holomorphic mapping on Hilbert 



spaces. 

Proof. Firstly, the map ^ : j42(B) -^ A2(B) is holomorphic. That is, for 
every ip,ip S A2(B), the map C B t \-^ 'if(ip + tip) is holomorphic in a 
neighbourhood of S C. Indeed, 

^{ij + tip)-^{i; + toip) d 

dt 



t-to 

2 ,\f'\\A2{D) < 

Secondly, by Lemma IT^ 



^ii^ + tip) 



I* ~ *o| II 2|| / I* ~ *o| 



t=to 



m\Auo)\mAi{ 



A2(0) 

0{\t-to\). 



so that V '"^ 2^(^) ^^ ^ bounded complex-linear map. The injectivity of ^ 
has been proved in the Appendix of |Teo02j . D 

Corollary A.2. The set /3(To(l)) C ^2(^1^) ^^ open in Al{B). 

Proof. It readily follows from the results in Section 3.3 of Part I that /3(7o(l)) 
is open in A2(B) ©C The assertion now follows from the lemma above since 

/3(ro(i)) = $-i(/3(ro(i))). n 



Theorem A. 3. The em,heddings [i : To{\-) 



^2(B)©C and 13 : %{!) 



Alio) induce the same Hilbert manifold structure on 70(1). 



Proof. The map ^ : /3(7o(l)) ~^ /^('^(l)) is a holomorphic bijection between 
complex manifolds. To show that ^ is biholomorphic, by inverse function 
theorem (see, e.g., |Lan95j ) we need to prove that for every ^p G /3(7o(l)) the 
linear map D^^ is a topological isomorphism between the Hilbert spaces 
Al{B) and A2(B) © C. Let 7 = g"i o / g %{!) and V = A{f) G /3(To(l)). 
The linear map D^^ : Al{B) -^ A2{B) © C is given by 

For every ((/), c) G A2(JS)) © C, the holomorphic function ip on B, defined by 

<P{u) 



V>{z) = f\z) 



-du + 2c 



satisfies 



/o f'{u) 
ipz — V'V' = 4> aiid ^95(0) = c. 



POTENTIAL OF THE WEIL-PETERSSON METRIC ON r(l) 49 

We claim that (/? G ^2(^1^)) so that the map D^^ is onto. Indeed, repeating 
the proof of Lemma 12.111 we get for 2; G B, 

By Becker-Pommerenke theorem, there exists r' > such that 

1(1 - |2p)V'(-z)| < —^ for ah r' < \z\ < 1. 

Thus for r' < l^l < 1, 

2(1 - \z\^f\c\>{z)\^ > (1 - kP)V.(^)P - \\^{z)\\ 

and the result follows as in the proof of Lemma [2.111 Uniqueness theorem for 
differential equations guarantees that the map D^vE' is one-to-one. Finally, 
by using the same arguments as in the proof of Lemma 12.51 and Lemma 12.31 
there exists C > such that for all y? G ^2(1'^)! 

ll^v^(v')IU2(D) < c'llv'IUi(D)- 

Hence D^^ is a bounded linear bijection between Hilbert spaces. D 

Corollary A. 4. Let {7„}^;^ he a sequence of points in 70(1); In = dn^ofn, 
and let 7 = g~^ ° / G '^(1)- Then the following conditions are equivalent. 
(i) InTo{l) topology, 

hm 7„ = 7. 

n~->oo 

(ii) In ^2^'^) topology, 

hm AifnXz) = A{f)iz). 

n—>oo 

(iii) In Al{B*) topology, 

hm (A{gn){z) - 2^ + -)= A{g){z) - 2^ + -. 

n^oo \^ g^{z) Zj g{z) Z 

Proof. The equivalence (i)4^(ii) follows from Theorem lA. 31 Since 70(1) is & 
topological group, lim„^oo 7n = 7 if and only if lim„^oo7n^ = 7~^- Now 
let j{z) = - and let r be the dilation z h^ g'{oo) z. We have 7^"*^ = g^^ o /, 
where f = rojogoj and 



A{f) =A{rojogo j) = (A{g) - 2^ + 2j j o jj,, 

so that the equivalence (i)44>(iii) follows from the equivalence (i)<^(ii). D 
Next, consider the mappings f3* : To{l) ^ A2{B*), 



l3*{7) = /3{l-')ojJl=S{g), 

and (3* : %{!) -^ Al{W), 

P*{l)=A{g), 
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where 7 = g^^ o / G %{^)- Also, consider the mapping ^* : A^O*) -^ 
A2iW), defined by 

and let 

^(D*) = Itl^e Alio*) : ^p{z) = O ( ^ ) as z ^ oo\ . 

We have the following result. 
Lemma A. 5. 

(i) The map 'I'* : ^2(^*) ~^ A2{0*) is a holomorphic mapping on 
Hilbert spaces and its restriction to the subspace A^iJ}*) is infective. 
(ii) The set I3*{%{1)) = /3*(ro(l)) is open in A\{W). 

Proof. Holomorphy of ^* is proved along the same lines as Lemma lA.ll 
From the proof of Theorem A. 5 in |Teo02j it follows that the restriction of 

the map ^* to the subspace AgC^^^*) is one to one. To prove part (ii), observe 
tjiat /?* = M/* o /3* and (5*{%{l)) = (^{^{1)). Since /3*(ro(l)), /3*(ro(l)) G 
^2(11^*) s-iid the restriction of ^* to yl2(^*) is injective, we have the equality 
P*{%{1)) = /5*(ro(l)). The proof that this set is open in A\{W) is analogous 
to the proof of Corollary IA.2I D 

Corollary A. 6. Let {7n}^i, 7n = gn^°fn, be a sequence of points m7o(l) 
such that 

lim 7„ = 7 = 5^1 o / G To(l). 

n—>oo 

Then the following statements hold. 
(i) In A2{B*) topology, 

lim S{g„) = S{g). 

n—too 

(ii) In Al(B*) topology, 

lim A{gn) = A{g). 

71— +00 

Proof. Since %{!) is a topological group, lim„_»oo Jn^ — 7^^ = 9^^ ° f ■ We 
have f = rojogoj^so that 



S{f)=S{g)ojjl 
which proves part (i). Part (ii) follows from Lemma lA.51 D 

Appendix B. The period mapping ^ 

Let =5^00 be the closed ideal of compact operators in the Banach algebra 
^(£^) of bounded operators on i"^. Here we prove that the period mapping 
^ : T[l) -^ ■^[l'^), defined in E,emark l3.1H is a holomorphic mapping of 
complex Banach manifolds and that 

#-i(^^) = S = Mob(5^)\HomeOs(5^). 
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Theorem B.l. The inclusion ^ : T(l) -^ ^(fi^ is a holomorphic mapping 
of Banach manifolds. 

Proof. As in the proof of Theorem \'A.1{)\ we will show that for every [z^] G 
r(l) and fi G ^^-^'^(ID)*), the map C B t ^ Bi{t) = Bi{f''+^'') is holomorphic 
in a neighborhood of t = in C Choose 6 > so that ||i^ + t/u||oo < 1 for all 
|t| < 6. For every to such that |to| < 5, let 5i be such that < 6i < 6 — |to|- 
Then for all |i — to| < "^i, we have as in Theorem 18. 10| 



T^U+tH _ T^V+to^l 






Ty-U+tfJ. 



{z,w) 



2m 



t=to 



This gives 



]c-io\=5Ac-m-to? 

Si(f^+*^)-Si(f'^+*o^) d 



dC 



sup 

||«|l2 = l 




t-to 

t-to 



dt 



K[+^'^ 



Biir+^f"] 



t=to 



2m jjc-toMi ic-m-h) 



{z,w)u{w) 2 
^dQd w 



1/2 



d^z 



< 



\t-to\ . 

^^ IIm||2=i 



m 



IC-tol=<5i 



IC-ioMilC-tPlC-tol^ 

2 



\t-to\ 
27r 



K'^ {z,w)u{w)d w 
\ 1/2 



|dC| d^z 



\dC\ 



7ic-toMilC-iPlC-tolV 
Since \\Ki\\ < 1, we obtain 



1/2 



^j^+Cm-||2| 



1/2 



sup I f \\K'(^''^u\\i\dC\ 

\H\2=1 \-'IC-tol=5i 



t-to 



d_ 
di 



^^^f^+tM^ 



t=to 



< 



\t-to\ 
27r 



MCI 



1/2 



|C-to|=5i IC - tpIC - tol - J\C-to\=5, 
= 0(t — to) as t — > to- 



MCI 



D 



To prove that =f5^(S) C =5^oo5 we first give a characterization of the subman- 
ifold S = Mob(S'^)\HomeOs(5^) of r(l). It has been shown by Gardiner and 
Sullivan [HsM] that /3(5) = A^(B) n /3(T(1)), where P : r(l) -^ ^oo(D) is 
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the Bers embedding and A^ (B) is the subspace of the Banach space Ac 
defined by 

Al,{B) = {(/> G ^oo(B) : , lim (1 - \z\^f4>{z) = 

Analogous to Theorem A.l in Part I, we have the following result. 

Lemma B.2. The closure of the homogeneous space Mob(5'"'^)\Diff-|_(5^) C 
r(l) in the Banach manifold topology is the Banach submanifold S o/T(l). 

Proof For (p £ A'^{D) n /3(r(l)), let </>„ = (/) o r„, where r„ is the dilation 
z \—>- :^^z, n G N. Since (j) G A^{I}), for every e > there exists < r < 1 
such that 

sup (l - \zmcpiz)\ < '-. 

r<\z\<l 4 



Thus there exists A^' such that 



2\2| ' ' ^i £ 



sup {1 - \z\y\Mz)\ < ^ 

r'<\z\<l ^ 

for n > N', where r' = — ^. The sequence {(/>n} converges uniformly to (j) 
on compact subsets of P, so that there exists N" such that 

sup (1 - \z\^f\Mz) - <P{z)\ < ^ for n>N". 

\z\<r' ^ 

Thus ||</)„ - (j)\\oo <e for n> N = max{A^', N"}, so that 

lim (t)n = (t> 

n— >oo 

in the ^oo(B) topology. Since /3(r(l)) is open in ^oo(lO), 0n G P{T{1)) 
for large enough n. The functions </»„ are smooth on 5"^ (in fact analytic), 
so that corresponding 7„ G M6b(5^)\HomeOgs(S'"'^) are also smooth on S^ . 
This proves that Mob(5i)\Diff+(5'i) = S. U 

Remark B.3. Together with Theorem A.l in Part I, Lemma IB . 21 explains the 
distinguished role of the embedded manifold M6b(5'^)\Diff+(S'^) "^-> T(l) in 
Teichmiiller theory. Its closure in T(l) under the Banach manifold topology 
is the Banach submanifold S, whereas its closure under the Hilbert manifold 
topology is the Hilbert submanifold To(l). 

Theorem B.4. The image of the Banach submanifold S under the KYNS 
period mapping &* : T(\) — > SS(J^) is given by 

^(5) = ^oo n #(r(i)), 

where y^o is the space of compact operators on l"^ . 

Proof. It is easy to show that i^{S) C oS^oo- Indeed, by Theorem 13.61 
^(Mob(5^)\Diff+(5^)) C =^2 C ^oo- Since the mapping ^ is continu- 
ous (actually, holomorphic) , using Lemma IB.21 proves the claim. 
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To prove the converse inclusion S^^^i^S^oo H ^(T(l))) C S, we use meth- 
ods developed by Brazilevic in |Bra65j . Let U be the space of univa- 
lent functions on ID. Following |Bra65j . consider the following function 

\ ^^^ 



When /i = / and /2 = id — the identity mapping, we denote 
F(/)(z) = F(/,id)(z) = ^{\ - |zp)Ki(z, zfl\ 
In |Bra65j . Brazilevic has introduced a new metric on U^ 

d{fi,f2) = supF{fi,f2){z), 

and has shown that 

||5(/i)-5(/2)||oo<64/l,/2). 

For fixed C £ 11^) consider the kernel 



-.00/00 \ 

n=l \m=l / 



Ki{f)iz,C) 
as a holomorphic function on D. By Grunsky inequality, 



.. 00 

l^i(/)(-,C)ll^ = Ki(/)(C,C) = -E 

77- c rf 



00 

n 



vr 

n=l 



f2 mb_n,-mC-' 



m=l 



TT^ 7r(l-|Cr)^ 



so that Ki{f){ • , C) e Al{B)). For fixed C G © and /i, /a G Z^ we define 

V'(/i,/2;C)(^) = i^i(/i)(^,C)-i^i(/2)(^,C). 

Then V(/i, /2, C) G ^^(B)- For V(/i, /2; C) / we set 

V'(/i,/2;C) 



u(/i,/2;C) 



IIWi,/2;C)ll2' 



and for V'(/i) /21 C) = we set u(/i, /2; C) = 0- The following lemma gener- 
alizes Brazilevic's result |Bra65j . 

Lemma B.5. For /i, /2 ^U and z G D, 

(1 - |z|2)2 \S{h){z) - S{h){z)\ < 6F(/i, f2)iz) < 6\\K,ih) - K,ih)\\. 

Proof. We use the same approach as in |Bra65j . Since for Ai, A2 G PSL(2, C), 
5(Aio/) = 5(/), i^i(Aio/) = Kiif), and F(Aio/i, A2o/2)(z) = F(/i, /2)(z), 
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it is sufficient to consider only f £U normalized by /(O) = and /'(O) = 1. 
We have for fixed z GO, 

il-\z\YS{f)iz)=SiXif),ofoa,m 

and 

F(/i, f2){z) = F(A(/i), o /i o a,, A(/2). o f^ o ^,)(0), 

where a, £ MohiS^) and X{f)^ £ PSL(2,C) are given by^ 

/ \ ^^^ A \ff\ ^ ^ w-f{z) 

(Tz{w) = -— r and X{f)z{w) - 



1 + wz ^-"'^ ' /'(z)(l-|z|2)' 

Since for a normalized f G U the univalent function \{f)z° f °'^z is also nor- 
malized, for the first inequality we need only to show that for any normalized 

|5(/i)(0)-5(/2)(0)|<6F(/i,/2)(0). 
Since 



S{f){z) = 6 hm — — ^ - 72 = -6 > nmh^n, 

""^^ V U\z) - f{w)Y {z - wY J ^^^ 

we have 

|5(/i)(0) - 5(/2)(0)| = 6|6_i,_i(/i) - 6_i,_i(/2)|. 
On the other hand, it is straightforward to compute that 

F(/i,/2)'(0)=7r f f \K,Ui)iO,w) - Ki{h){0,w)\^d^w 



n+m— 2 



^ m\b^l-rn{fl) - fe-1 -m(/2)P, 



m=l 



and the first inequality follows. 
Next we observe that 



(B.l) F(/i,/2)(z) = V^||(Ki(/i)-i^i(/2))u(/i,/2;z)|Ui 

Indeed, by Cauchy-Schwarz inequality. 



Ji^i(/i)-i^i(/2))V'(/i,/2;z)jH 
II {Ki{h){w,C) - Kiif2){w,C)) {Ki{h){C,z)-Ki{f2){C,z))d\ 

D 

<IIV'(/i,/2;^)||2||V'(/i,/2;ti')||2, 



Here subscript z does not denote a derivative. 
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with the equality for w = z. Hence 



{K^{^)-K^ih))iJ{h,f2■,z) 
(l-|z|2) ff\K,ih){C,z)-K,ih)iC,z)\^d\ 



,2m,.,,,. ...^„2_.,. ,,,^J|V'(/l,/2;^)||2 



= ii-\znmfuf2;zm = Hfij2)izy 

Finally, using ()B.H) and the estimate in Lemma EHl we get 



(B.2) F(/i,/2)(z) < ||(Ki(/i)-i^i(/2))u(/l,/2;z)||2 < ||Kl(/l)-Kl(/2)||. 

n 

Remark B.6. It immediately follows from Lemma IB. 51 that 

||5(/l) -5(/2)||oo < 6d(/l,/2) < 6||Ki(/i) - Kl(/2)||, 

which is a stronger version of Brazilevic's result |Bra65j . In case /i = / and 
/2 = id we have 

||cS(/)||oo<6ci(/)<6||i^i(/)||, 

where d{f) = d{f, id). Since ||ii'i(/)|| < 1, where equality holds if and only 
if C\/(]I])) has Lebesgue measure zero, this recovers another result in |Bra65j 
that d{f) < 1 for f £ U, and d{f) = 1 implies that C \ /(B) has Lebesgue 
measure zero. 

Given a normalized univalent function / : B ^ C, let /„ : D ^ C be the 
normalized univalent function defined by /„ = r^^ o / o r„, where r„ is the 
dilation z \-^ '^^z. Since /„ is analytic on S^, we have 

hm (l-|z|2)25(/„)(z)=0, 
^Jim_(l-|C|')i^i(/„)(z,C)=0, 

and also 

hm 11(1 -|Cp)i^i(/„)(-, Oil' =lim (1-|C|YKi(/„)(C,C) = 0. 

Lemma B.7. Let f : O ^ C be a normalized univalent function and let 
{fn}'^=i be the sequence of normalized univalent functions defined above. 
Then 

hm Kiifrr) = Kiif) 

n—>oc 

in the strong operator topology. 

Proof. For ip € ^2(^) ^^^ ipn = fn ° "ip ° fn- It is elementary to show that 

lim Wip -ipnh = 0. 
n— >oo 
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For {Ki{f)'tp)n = r„ o {Ki{f)i!) o r„ we have, 



Kl{fn)'(pn = (i^l(/)V')n - Tn o (i^l(/)V'(l - Xn)) o r„, 

where Xn is the characteristic function of the disk B„ = r„(D). Using this 
identity and the inequahties ||i<'i(/)|| < 1, HV'nlb < llV'lb, we obtain 



WiKiif) - i^l(/„))V||2 < \\Kiif)i> - Kiifn)iJnh + \\Klifn)ii^n 



< \\Kiif)i^ - (Kl(/)V)n||2 + WKlim^il - Xn))||2 + U " V'nib 
< \\Ki{f)^ - {Ki{f)^U\2 + 11^(1 - Xn)||2 + U - V'nlb- 

Since ip £ Al{B), 

hm 11^^(1 -Xn)l|2 = 0, 

n— »oo 

and we get the assertion of the lemma. D 

Lemma B.8. Let 7 = g^^ ° f £ '^(1) ^^ such that Ki{f) is a compact 
operator. Then for every sequence {Cm}m=i of points in O, the corresponding 
sequence of functions {um}m=i ^^ ^K''^)' where 

Um{z) = (1 - \Cm\^)Ki{f){z, U), zeB, 

contains a convergent subsequence in A2{D). 
Proof. Consider the fohowing sequence of functions, 

vUz) = z-\l - \Cm\^)Ks{f){z~\U) G Alin). 
Using the formula 

K3(C,C) + K4(C,C) = ^(^_'|^p), , 

which follows from the operator identity K3 + K4 = /, and the inequality 
K4(C,C)>0, weget 

IPmlb ~ (1 ~ ICml j <^3\Srm Qm) Sl —■ 

vr 



Now consider the operator K^{f) : ^2(0) -^ ^2(1^)) defined by the kernel 

Ks{f){z,w) = z'^Ks{f){z-\w). 

In the standard basis for ^2(0) it is given by the matrix B^^f) and, therefore, 
is a topological isomorphism. Setting K{f) = Ki{f)K^{f)~^, we get 

Um = K{f)Vm- 

Since the operator K(f) is compact and the sequence {vm}m=i i^ bounded, 
the statement follows. D 

Now we can finish the proof of the Theorem. Suppose that for [^] G T(l) 
the corresponding operator Ki{f) is compact but [//] ^ S. According to 
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Remark 12. 7| this implies that there exist e > and a sequence Cm £ IJ 
satisfying 

|Cm|>l-- and {l-\CmmSif)iCm)\>e. 
m 

By Lemma IB.81 there exists a subsequence Crrn. such that the sequence of 
functions 

u^,{z) = il-\Uf)Kiif){z,U,) 

converges to u G ^2(11^) i^ ^2(I'^)- Since 

Jim_(l-|C|')ifi(/„)(z,C)=0, 

for any n G N, the sequence of functions 

(1- |UP)V'(/,/n;U) = (1- |Cmj')(i^l(/)( • ,UJ -i^l(/n)( • ,Cm,)) 



also converges to u as /c — > oo. From Lemma IB. 51 and ()B.2|) we get the 
following inequality 



(l-|Urr|5(/)(U)-5(/„)(U)| <6 (ifi(/)-i^i(/„))u(/,/„;U) 

which for tp{f, fn, Cm^.) = is an equality. Now passing to the limit k ^ oo 
for fixed n G N, we obtain 

e<6||(Ki(/)-Ki(/n))u||2, 

where 

u = -— n- / 0. 

IfI|2 

However, according to Lemma lB.7| 

hm ||(i^i(/)-Ki(/„))u||2 = 0. 

n—>oo 

This contradiction proves that [/u] G S*. D 

Remark B.9. For [/x] G S the proof of Lemma IB.21 shows that 

hm Sifn) = S{f) 

n— >oo 

in j4oo (ro) topology. Since the period mapping ^ is continuous, 

hm K,{fn)=K,{f) 



in the norm topology on ^(^^(D),yl^(D)). 

The following commutative diagram displays the properties of the tower 
of embedded manifolds To(l) ^^ S ^^ ^(1) under the KYNS period mapping 
^, the pre-Bers embedding /3 and the Bers embedding /3 = ^ o /3, 
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^2(^' 



7^0(1) 

Aim 

A2{n) 



•~^oo\y 



s 



^oo ( 



j4^- 



cp 



Til) 



41 

J^^ 



A,. 



Here Aoo ( 



is the closed subspace of A^^ (ID) , defined by 



A 



1,0/ 



{^e^L 



(D) 



lim 



il 



-)V'(^) 







All horizontal maps are embeddings, and all vertical maps are holoniorphic 
mappings of Banach and Hilbert manifolds respectively. All these properties 
have been proved already, except for the simple fact ^(Aoo (ID)) C A^ 
which easily follows from Cauchy integral formula. 
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